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ON A CONJECTURE OF LITTLEWOOD AND IDEMPOTENT 
MEASURES.* 


By J. CoHEN. 


Introduction. In this paper we shall be concerned with two problems. 
The first is a problem of Littlewood [1] in classical Fourier analysis con- 
cerning a lower bound for the L* norm of certain exponential sums. The 
second is the problem of determining all the idempotent measures on a locally 
compact abelian group. This second problem we shall solve entirely and thus 
complete a line of investigation begun by Helson [3] and Rudin [5]. The 
problem of idempotent measures is related to the question of describing all 
homomorphisms of the algebra Z(G) into the algebra Z'(H) where G and H 
are two locally compact abelian groups. We shall treat this problem in a 
subsequent paper. As will be explained, the problem of Littlewood is closely 
connected to the problem of idempotent measures, and though the first is 
stated on the circle group the method of proof will be indispensable for the 
analysis on the more general class of abelian groups. 


We now state the problem of Littlewood. Consider an exponential sum 


N 
y (zx) e 


Littlewood conjectured that 
27 
j | y(x)| dx > KlogN 


for some constant K independent of N. No non-trivial lower bound for the 
[* norm of y has previously been obtained, and in particular it was unknown 
whether the L* norm necessarily tended to infinity as a function of N. Salem 
[6] has treated this problem and under suitable conditions on the growth of 
an infinite sequence of integers n; he was able to show that for infinitely 
many V 


2r N 
f | Setme | dx > K (log 
0 j=1 


* Received January 9, 1959; revised version January 31, 1960. 
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This however tells us nothing about individual sums y. If n; are taken equal 
to j, then y reduces essentially to the Dirichlet kernel and in that case the 
L* norm of y is of order of magnitude of log N. Thus Littlewood’s conjecture 
if true is certainly best possible. The case of the Dirichlet kernel may be 
thought of as the case of complete regularly for the n; The case of lacunary 
n;, that is where n;,:/n; > A> 1, may be thought of as the case of complete 
irregularity, and in that case it is well known that the exponentials e*"/? behave 
similarly to independent functions and the L* norm is of the order of Ni, 
It thus would seem plausible that regular distribution of the integers n; 
minimizes the Z norm and that Littlewood’s conjecture is correct. In this 
direction we prove the following theorem: 


THEOREM 1. For some K, and all N =3, we have 


2 N 
(1) f | S | dx > K (log N/log log 
j=1 


whenever n; are distinct integers and c; satisfy | c; |= 1. 


In particular we see that the right side of (1) tends to infinity as a 
function of NV. We also shall prove (1) in the case of exponentials of several 
variables and still more generally, for sums of characters on arbitrary compact 
connected abelian groups. 

To show the relation of Littlewood’s problem to idempotent measures we 
make the following remarks. Suppose contrary to Theorem 1 that there exists 
a sequence of exponential sums yp, y, being a sum of n exponentials, such 
that || y, ||, remains bounded. By the weak compactness principle for measures 
it would then follow that the measures y,dxr have a subsequence converging 
weakly to a measure yp, all of whose Fourier-Stieltjes coefficients are either 
zero or one. These so-called idempotent measures were analyzed in [3] and it 
was shown there that the sequence of coefficients which are equal to one must 
be essentially periodic. This, to some extent, tends to reinforce the belief 
that only periodic distribution of n; can result in small L* norm for y. 

In the first part of the paper we shall prove Theorem 1. The proof is 
elementary although at one point we appeal to some general principles in 
functional analysis. It is however completely free of considerations con- 
cerning general topological groups. In the second part, the method of proof 
of Theorem 1 will be used to analyze idempotent measures on a compact 
abelian group. 


A CONJECTURE OF LITTLEWOOD. 


Part I. 


1. We first consider the case in Theorem 1 when all the c; are equal to 
one. We begin by reviewing some standard notation. If pw is a finite measure, 
we denote by | »| the total variation of », that is 


for all partitions of / into a disjoint union of sets H;. If pw is absolutely 
continuous with respect to a non-negative measure dz, i.e. 


a(x) dx 


for all sets #, then we have 


| a(2)| de. 


In general we have 
(2) 


for all where | 6(z)| == 1 a.e. with respect to ||. We denote by || » || the 
norm of p, i.e. the total measure of | » |. 
Let nj, 1S=7=N, be a sequence of increasing positive integers. Set 


N 
= > e- dz, 
j=l 
where dz is here used to denote = times ordinary Lebesgue measure on the 
interval [0,22]. Then we have 


f du(x) =1 if for some 7 
= 0 otherwise. 
Theorem 1 states that || » || is greater than the right hand side of (1). 


Before beginning the proof we make some heuristic remarks. First we 
| remember that 


by choosing ¢ = e™*, we obtain ||» || 21. Actually unless =1, we must 
have |p|) >1. For if ||| then it is clear that is a non- 


hegative measure and hence since 


f einer du (x) = f pine du (x) = i, 
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it follows that e#":-")¢ — 1 a.e. with respect to w. Thus it follows that for 
any j, nj + m2—M, is also one of the original set of n;. Since the set of n, 
is finite, this is clearly absurd. This shows ||y|| >1. In the proof we shall 
use an analogous idea under the assumption that ||» || = M, to show that 
under certain conditions we will be led to a contradiction and that really 
|| « || > + 8 for some quantity §. This contradiction will be used to furnish 
functions ¢ to be used in (2). An inductive scheme will be set up to construct 
functions ¢; to be used in (2) each one showing that ||» || is greater than 
some number depending on &. 


We now proceed to the proof of Theorem 1. 


Lemma 1. Let p be a measure on a space X such that ||» || SM, let N 
be an integer such that N=2M*. Let 1S j7SN, be a set of functions 
such that 


a) |f;(v)| 1 for all 
b) = 1. 
Then for some 1<j we have 
Re f fifid | u(x)| >1/2M. 


Proof. We have p(z) =6(x)|»|, where Hence 


By Schwarz’s inequality 


N 
wes J f 


i<j 
Since V = 2M?, 
i<j 
Since the number of pairs i < j is smaller than N?/2, it follows that the con- 


clusion of the lemma holds for at least one. 


Lemma 2. Let p be a measure on X, $(x) and g(x) functions such 
that || S1, |g|S1. Assume that 


or 
N?/MSN-M+2DRe 
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a) =M, M21, 
b) | 
=0. 
Then 


Proof. Since du(x) =6(2x)d|u(x)|, if we replace ¢ by $8 and p by | p |, 
we see that » may be assumed to be a non-negative measure. Let 6 =, + td», 
where ¢, and 2 are real. Then 


Soidu=M, fbedu=0. 
Set Y= ¢.+i|¢.|. Since |y|=1, we have 


S| dp 
= 
But. 
f(9—ge)du|S dp. 


Hence 
If || » | — MW =a, the lemma is clearly true. If not we may square both sides 


of (3) after transposing 


Hence 
SM + (a+ M) 
= M+ 


By combining Lemmas 1 and 2 we obtain: 


LemMA 3. Given fj, 1S jSN, and $(2), where | f;(x)| S1, | o(x)| 
such that 


a) ffil2)du(2) —1, 
for all i<j, 
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then tf N=2(M+1)?, we have 
M + 1/64. 


For, if the conclusion were false then clearly || » || = M+ 1, so by Lemmas 1 
and 2 we would have || » || = M + a?/4M, where a =1/2(M-+1). 


Corottary. If are continuous functions satisfying the 
hypotheses of Lemma 3, then there exist constants a, Bj, yi; such that if 


we have 
| y(x)|S1, and fy(x)dp(xz) = M + 1/64M?. 

Proof. Let V denote the linear subspace generated by $(x), fj(x) and 
(x) fi(x)f;(x). The measure p» induces a linear functional Z on V. Let K 
be the norm of Z on V. JL can be extended to a functional on the space of 
all continuous functions with the same norm K. This new functional is given 
by a measure yp’ satisfying the hypotheses of Lemma 3. Therefore by that 
lemma K = M-+1/64M*. This is precisely the conclusion of the corollary. 

We need one more combinatorial lemma. 


Lemma 4. Let E={n,>n2---> ny} be a collection of N integers, 

ra positive integer. If 
(2r2) =< N, 
there exist sets P, and T;, 1k Ss, of integers with the following properties: 

a) CE, P, = {n;}, 

b) for all Ty={m,% >m™>---> mM} and p+m;" 
—mj¢ if p€ Py andi< j, 

ts the union of P;, and all elements of the form p+ m;* 
where p€ Py j. 

Proof. We denote by «(k) the number of elements in P; and by B(k) 
the smallest integer such that p= ng x) for all p in Py. Assume now that 
P,,- + +,P, and T,,---,7;-1 have been chosen and satisfy a), b), and c). 
We shall now define the set T;. Set m,“ —n,. Assume that m,,- - -,m;“ 
have been chosen and satisfy b), where m;“ for it. We then define 
Mey == Na(t41), Where 6(¢-++ 1) is the smallest number such that this choice 
of mi: does not violate condition b). For each p in Px and if, the 
number of choices of m:,,;% < m: such that 


p+ mi!) € Py 
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is clearly less than B(k). Thus it follows that if m,,@ avoids at most 
t:B(k)-a(k) possible choices, b) will be satisfied. That is 


3(¢-+1) —8(t) S14 t-a(k) -B(k). 
It thus follows that 
8(r) Sr+ gr(r—1)a(k) p(k). 
Having thus defined 7',, we define Px: by means of c). Clearly we have 
B(k +1) S2r’a(k) p(k). 
The number of elements in P,,, is smaller than 


r+ a(k) + $r(r—1)a(k) 
or 
a(k-+1) S 2r’a(k). 
We thus conclude that 
a(k) S (2r?)* 
and 


S 
Clearly the sets P,, J, can be constructed if 


B(s) 


(2r2) 28° << 


N 


We now return to the case p= Se*™-2dzr. Assume that |p|] SM, 
j= 


M=1, and set r=[2M?]+1. We shall define functions | | <1, 
l=ksSs, such that each ¢, is a linear combination of exponentials of the 
form e'"*, where n belongs to P;. Furthermore, 


(4) =1-+ (k—1)/64M*. 


Set d. =e", If ¢, has been defined, then by the corollary to Lemma 3, if 
we set f(x) —exp(imjz), we clearly have that there exists a function y, 
which we now denote by ¢x.1, satisfying 


du (zx) =1 + 1) /64M° + 1/64M?°, | Px+1 | = 1, 
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since we must always have 


Sdudp(x) <M. 
Furthermore it is clear that ¢;,, is a linear combination of e*"”, where n lies 
in Px,;. It thus follows that 
(5) 1+ M, 
where s is any number that satisfies 
(6) (2(2M? + SN 
or 
(7) 2s? log[2(2M* + 1)?] Slog N. 
Since (5) is false for s = C,M*, we have that 


C,M® log(2M? +1) ZlogN 


C;,M* log M = log N 
for N=3. Thus if we define M, as the solution of the equation 
log — log N, 


clearly 
M,=C,(log N)*/* 


so that 

M,' = C; log N/log log N 
and hence M = K (log N/log log N)*/* which is precisely Theorem 1 in the 
case of coefficients equal to one. 


2. We now consider the general case of Theorem 1. 
Lemma 1’. Let fj; and » be as m Lemma 1. Assume that 
Then we still have for some i<j 
| | > 1/2M. 
Proof. Set f/ = |/c;)f;. Then 
Sf dp = | c;|. 


As in the proof of Lemma 1, we have 


NS f (@)0(@)d| a} 


or 
| 
| 
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Exactly as before we deduce that for some 1 < j 
Re ffif/d|u|>1/2M. 


This clearly implies the lemma. 
From this point on the proof of Theorem 1 proceeds precisely as in the 


case already discussed. 

It might be pointed out here that in the special case of the Dirichlet 
kernel our method can be improved by a sharper version of Lemma 4 to 
yield Theorem 1 with the exponent 1/4 replacing 1/8. However in this case 
one has the more powerful theorem of Hardy-Littlewood, namely [7], 


SK | ae. 


THEOREM 2. For any compact connected abelian group G we have 


N 
dm > K (log — | B1,N BB, 
j= 


where f; are distinct characters on G and K is an absolute constant independent 


oof G. 


In particular Theorem 1 holds for exponentials in more than one variable. 
| The condition that G be connected merely implies that G, the character group 
| of G, has no elements of finite order. To prove Theorem 2 we first need a 
definition. 


Definition. Let H and H’ be two additive discrete abelian groups, 2 a 
finite set in H, @ a one-one mapping of % into H’. ¢ is said to be an n- 
isomorphism if for all integers ni, | m|Sn, we have > nj;—0 if and only 


if nip = 0. 


Lemma 5. If f1,: + -,fy are characters on G, n a positive integer, there 
exist exponentials g,,- - +, gn on the circle such that the map defined by 
$(fi) = gs is an n-isomorphism from f;, into the character group of the circle, 
namely, the integers. 


Proof. Let H be the group generated by f1,: - -,fy. By the fundamental 
| theorem for finitely generated abelian groups it follows that we have 


D 
fi= diff, 


Where the f’; are linearly independent elements of G, and dj; are integers. 
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(Here we consider G as an additive group). Notice that p< N. Let g;’ bea 
set of integers so that if 


=0, then 
j=1 


for some j, where u is a number to be chosen in a moment. Such a choice is 


always possible. Set 

= 
If cif; = 0, then clearly cdi; = 0 for each j. Thus cip(fi) = cidi;)g/ 
=0(. Conversely if (fi) = 0, and |c;| =n, we have 


If u is now chosen greater than n N-D, where D = Max | dj; |, it follows 
then that and so 


Lemma 4 now tells us that given any set H of N integers we can find 
subsets 7), of # having certain properties. All these properties are of the form 
that certain linear combinations of elements in # do not lie in L, or equivalently 
that certain linear combinations are not zero. There is an upper bound to 
the magnitude of the coefficients in these linear combinations, say z. If now 
g; are ordinary exponentials such that the map defined by ¢$(f;) =g; is a 
z-isomorphism, it is clear that the proof of Theorem 1 for the case of the 4, 
may be carried over word for word to the case of the f;. Thus Theorem 2 i: 


proved. 
If we apply Theorem 2 to the case of the Bohr compactification of the 


real line we obtain that 


L N 
| | dx > K (log N/log log 


Lim (1/2L) 
Loo 


where A; are arbitrary distinct real numbers. 


Part II. 


1. Let G@ be a locally compact abelian group, G its dual group. We 
denote by M(G) the algebra of finite measures on G under convolution, that is 


(E)— du(z)dr(y), 


where D is the set of all (z,y) where zy€ FE. M(G) is a Banach algebra 
with the usual norm ||» ||. The set of absolutely continuous measures forms 


find 
orm 
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a subalgebra which may be identified with Ii(G). The Fourier transform 
of » is defined on G 


(x) = 


We have the fundamental fact that the Fourier transform of p*v is the 
product of the Fourier transforms of » and »v. 


In this part we shall investigate measures » which satisfy pep—yp. This 
problem has been treated by several authors. It has been solved by Helson 
in the case of the circle group, and by Rudin in the case of the n-dimensional 
torus [8], [5]. Both these authors use either real or complex variables in 


- such a manner as to seemingly prevent their application to arbitrary groups. 


The approach we use is similar to the method used in Part I. 
In the case in which G is the Bohr compactification of the real line, the 
problem in a different but equivalent formulation was treated by Helgason [2], 


who obtained certain necessary conditions. 


Let » now be an idempotent measure. Since f? =f, it follows that ~ 
only assumes the values zero and one. It is well known that f is uniformly 


' continuous [4], and hence 4 is invariant under translation by some open set 


U containing the identity. Thus the subgroup of G which leaves fi invariant 
under translation is an open subgroup. Now if x is a character, the Fourier 
transform of yu is precisely ~ translated by x. Since f determines p» [4], 


| it follows that »# is invariant under multiplication by all x in some open 
subgroup S of G. Thus the support of y lies in the annihilator of 9, which 


by the duality theorem must be compact. Thus we have shown that the 
support of an idempotent measure is always contained in a compact subgroup. 
This result was obtained by Rudin in [5]. Thus we may restrict our attention 
to compact G. In this case of course G is discrete. If H is a subgroup of G, 
we have the canonical may ¢: G—>G/H. @ induces a map ¢, of M(G) 
into M(G/H), namely ($4) (HZ) =p(¢7(Z)). If K is the subgroup of G 
annihilating H, then K is the dual group to G/H. If x belongs to K, it is 
easy to verify that 


(fan) (x) = Sx dp. 


Thus the Fourier transform of ¢4p is the restriction of p to K. Hence ¢, 
isa homomorphism from M(G) into M(G/H). 

If » is an absolutely continuous idempotent, since f must then vanish at 
infinity, it follows that @ is one only finitely often and hence 


, 
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where x; are characters on G and dm is Haar measure. Thus the analysis of 
absolutely continuous idempotents is trivial. If H is a closed subgroup of 
G, clearly M(H) is a subalgebra of M(G). An absolutely continuous iden- 
potent on H can be regarded as a measure on G and is still clearly an iden. 
potent. Such an idempotent we call a primitive idempotent. For p» an 
idempotent, ~ is the characteristic function of a set H. If fi, and fiz are the 
characteristic functions of and then the Fourier transforms of 
and § —y:, where 8 is the point mass of one concentrated at the identity, 
are the characteristic functions of and the complement of respec. 
tvely. Similarly + has as its Fourier transform the characteristic 
function E,U E,. These three operations we shall call the intersection, com- 
plementation and union of idempotent measures. 

If » is Haar measure of a subgroup H of G, then fi is the characteristic 
function of K, the subgroup of G which annihilates H. Since the Fourier 
transform of xp is ~ translated by x, it follows that for » a primitive idem. 
potent, ~ is the characteristic function of a set H which lies in the Boolean 
ring generated by cosets of subgroups of G. Conversely, it is clear that if £ 
is a set which lies in the Boolean ring generated by cosets of subgroups of ¢. 
then the characteristic function of H is the Fourier transform of an idem- 
potent measure. 


THEOREM 3. Every idempotent measure on a compact abelian group G 
lies in the Boolean ring generated by primitive idempotens. Equivalently, 
if p ts an idempotent measure, fi is the characteristic function of a set E 
which lies in the Boolean ring generated by cosets of subgroups of G. 


The second part of Theorem 3 is easily seen to be equivalent to the first 
by the above observations. 
It is sufficient to prove 


THEOREM 3’. If w is an idempotent measure, then wp is a linear con- 
bination of primitive idempotents. 


For, if > aj, where »; are primitive, it follows that p= 
Now if fi; is the characteristic function of E;, it is clear that f is the charac- 
teristic function of a set H which lies in the Boolean ring generated by /; 
Thus £ lies in the Boolean ring generated by cosets of subgroups. 

We now state the main lemma. 


Main Lemma. If yp is an idempotent measure, either w is absolutely 
continuous or else there exists a subgroup H of G which is of infinite index in 
G and such that | »|(H) <0. 
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To show how the Main Lemma implies the theorem we introduce some 
preliminary notions. Let H be a closed subgroup of G. Denote by px that 
part of the measure » which lies on any coset of H. More precisely, 


gH 


yhere gH ranges over all cosets of H. Of course the sum in (1) is at most 
a countable one. It is easy to verify 


(2) | || || + |. 


If py = 0, then for any v and any £ contained in a coset of H we have 
(E) = =0. 


Hence (u*v)7—=0. Thus the set of » such that py —0 is an ideal. If pa—yp 
and vg ==v, we have 
v=> Vjs 
where p»; and »; are measures with their supports in cosets of H. Hence 
pty = 

Thus it follows that (u*v)7—=p*v, since p;*v; also has its support contained 
ina coset of H. More generally, if 


we have 


(3) wey = + (ven + + 


By the above remarks it follows from (3) that (y*v)y—ypa*vg. Thus the 
map 4—> wx is a homomorphism. 

The mapping »—> px, where H is the identity element alone, yields the 
discrete part of », and was used by Helson in [3]. Rudin in [5] also uses 
this map for general H. 

If » is an idempotent, clearly so is py. We now put a new topology on 
Gas follows. A set is open whenever its intersection with every coset of H 
is open. G is clearly still locally compact under the new topology. The 
ieasure wy can now be regarded as a measure under the new topology. Now 
it follows that the support of yy is contained in a compact subgroup H’. 
The group Hyp = HH’ is still a compact subgroup so that it may intersect 
only a finite number of cosets of H. Thus [H,: H], the index of H in Hp, 
finite, and we have shown that the support of uy is contained in a subgroup 
H, in which H is of finite index. 
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Assume now that the Main Lemma is true. If » is a measure such that 
jf takes only a finite number of values, the conclusion of the lemma is stil] 
true. For, if takes only the non-zero values we have p= > 
where py = and is a polynomial such that P;,(a,) = 1, P,(0) =0, 
and P,(a,) =0 if and are idempotents. Furthermore if 
kAl. Now if p» is not absolutely continuous we must have, say, »; not 
absolutely continuous. Thus for some H of infinite index piy~0. Also 
> and peytpy =0 if kl. Thus 80 that 
ua is not zero. By the above argument pzx has support contained in a sub- 
group H,™, where [H,“: H] is finite. Thus py has its support contained 
in IH o) — H, where [H : H] is finite. Thus py has its support contained 


in a subgroup H of infinite index and | »| does not vanish on H, since py 40. 
Assume that we know that if || » || and f takes only integral values, 

that » is a linear combination of primitive idempotents. Clearly this is true 

for n=0. Observe that if ~ takes no values other than w,,- - -, wx, then 


Hence 
(un — Wi)** *(ux— Wx) =0 


so that fq takes at most these values. Let » be a measure such that f takes 
only integer values and ||» || = +1, w not absolutely continuous. We may 
also assume that the support of » is not contained in any proper subgroup 
of G since otherwise we need only replace G by the closed group generated 
by the support of ». By the lemma and the above remarks, for some H of 
infinite index in G, »y+0. Since fig takes only integral values, || ux || 21. 
By (2) 
and |u—pal Sn. 


since »>4yx. By hypothesis both these measures are linear combinations of 
primitive idempotents and so Theorem 3’ and hence Theorem 3 is proved. 


2. In this section we shall prepare the proof of the Main Theorem. 
From now on we assume that » is an idempotent measure which is not abso- 
lutely continuous, and that f is the characteristic function of EF, a subset of 6. 


Definition. The finite set S is said to be a set of periods or a P-stt 
for E if whenever f belongs to H there is some g in S such that fg belongs 
to E, except for at most finitely many f. 


THEOREM 4. There exists a P-set for E disjoint from any given finite 
set A. 
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Proof. The proof of Theorem 4 follows from a close examination of the 
proof of Theorem 1. Assume that || » || = M. It then follows, as in the proof 
of Theorem 1, that there cannot exist sets T,, P;, satisfying the properties 
of Lemma 4, 1SkSs, if s equals CM*. Assume Theorem 4 is false. We 
shall now define sets 7, satisfying Lemma 4 which will be a contradiction. 
Define 7’, to be any collection of elements of EH, m,),- - -,m,) such that 
m;(¢) — m,*) for i<j is never a member of the finite set A. This is clearly 
possible. Call the set of elements m,‘) — m;*), i<j, By. Since B, is not a 
P-set there must be an infinite number of elements n in EF such that n+ b¢ E 
for any b€ B,. Thus there are r elements m,‘*-»),- - -,m,-”) such that 
m*-) +b ¢ E for 6 in B, and furthermore if we set B, equal to the union 
of B,, — for i<j, and 6 + — for 6 in B, and < j, 
then B, is disjoint from A. This is possible because there are an infinite 
number of choices for m;,*-?) and A is only finite. Set 


Having defined - Z's-x, aS well as By, Bo,- -, Bus. we define T's_x-1 
and By,2 as follows. Since B,,, is not a P-set there are as before infinitely 
many n in such that n+ 5b ¢ E for b in B,,,. Choose 


such that first, n+ 6¢ for n in and in B,,, and such that if 
By. is defined as the union of By, m,-*1)—m,@*) where i<j, and 
b+ for 6 in By, and 1< 7, then Bye is disjoint from A. 
We now maintain that with this choice of 7; and P, chosen to be the set 
consisting only of one element n in HL, where n+} ¢ E for 6 in B,, that the 
resulting ZT, and P, satisfy the hypotheses of Lemma 4. To show this we 
must prove that P; + {m —m;}, i<j, has no elements in E. This is 
certainly true if P;-++ Bsxs. has no element in H. By the definition of P, 
this will be true if neither Py, + Boer, nor + Bexar, DOF 


Pra + + — 


lave elements in Z. The second set clearly has no element in E by definition 
of T’,,. Thus we need only show that 


+ U — m%*-1) }} 


lave no element in H. This will be true if Px. + Bes-ese has no element in L 
by definition of By ;.2. Thus we finally see by induction that P;, + m) —m, 
has no element in E provided P,-+ B, has no element in F, which is true. 
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Thus this choice of 7, and P, satisfy Lemma 4 and the proof of Theorem 1 
would now show that ||» || > M@ which is a contradiction and Theorem 4 js 


proved. 

CoroLtLary. In the case where G is the circle group, the set 8 of periods 
may be chosen to be positive integers. 

This is so because if we order each set 7, in descending order, the numbers 
m,” —m,; for i<j are all positive and hence so are all the sets B,. 


THrorEM 5 (Helson). The Main Lemma holds if G is the circle group. 


To prove this we need the following rather simple theorem of Wiener [7]. 
T 


2 
If » is a measure on the circle with no point mass, then if c, = f eine dy, 
0 


we have 


N 
Lim (1/N) | | =0. 
N> n=-N 


If » is an idempotent neither absolutely continuous nor having point 
mass, then the set # is an infinite set of integers which by Wiener’s theorem 
has gaps of arbitrarily large length. That is, there exist n; in H such that 
nj +k is not in for Clearly # cannot then have a P-set of 


positive integers and so the theorem is proved. 
Lemma 6. Let p be an arbitrary measure, ¢, g, and h functions such 
that || S1, |g|S1, |h|S1. Tf 
M=1, 


du= M, 
fgh dp—0, 


then 
Jnl =M+a(M), 


where §(M) is a positwe decreasing function of M. 
Proof. If »=6(zx)| |, where we see that replacing ¢ by 
h by h@, and p by | »| shows that we may assume yp is a non-negative measure. 
fo: du— NM, 


Thus 


or 


A CONJECTURE OF LITTLEWOOD. 


|1—4| dpS f (1—di)dpt+ f | | dp 
Slel—M+ (le 


We rewrite (4) more simply as 


(5) 


where R,(¢) >0 as ¢-—>0. (Here we regard M as fixed.) Also, 
Thus, 
=M—R,(| 
where g=91+%92. Now, 
= | g2| 
so that it follows easily that 
(6) S| 
where R(t) > 0 as t—0. Thus 
fF dp 
(1) =M— f —M) 
Sf, (|| || + (|| || 
| where R,(t) > 0 as But, 


f (h—gh)duS f |1—g| 
us 
le | 


| Where 8(M) is positive and is easily seen to depend continuously on MV. 


it may certainly be taken to be decreasing. 


Thus 


Given M21, there exist constants a,(M),- - -,o4(M) 


such that if uw, , g, h satisfy the hypotheses of Lemma 6, then if 


Y= aid + + ash + agh, 
have |y|<1, and fydu—M+8(M). 
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Proof. Let X denote the product of three copies of the unit dise | z| <1. 
Let p; be the function on X defined by pi (41, 22, %) = %- Let V be the sub- 
space of ((X) spanned by pi, Pipa, Ps, and pops. Let L be a linear functional 
on V defined by L(p,) =M, L(pipe) = M, L(ps) =1, L( pops) = 0. Let K 
be the norm of Z on V. L can be extended to a functional on all of C(X) 
with norm K and is therefore given by a measure » on X, where | »| = K. 
By Lemma 6, if we substitute pi, pe, and ps for ¢, g, and h respectively, it 
follows that || » || = K 2+ 8(M). Thus there are constants @,, a; and 
such that 
(8) | + + + | S1 
and 
(9) 


By the definition of p;, (8) holds if p; are arbitrary numbers less than or 
equal to one in absolute value. Thus the function y in the corollary satisfies 
and (9) clearly implies fydu—M-+8(M). 


Lemma 7%. Let KnC Kn, be a strictly increasing sequence of finite 
subgroups of G, » an idempotent measure on G, and jf the characteristic 
function of E. If for a sequence g, it is true that E contains g,Kn, then | p| 


does not vanish on some subgroup H of infinite index in G. 


Proof. Let H, be the subgroup of G which annihilates K,. Then 
H, > Hy,, and the measure gnp is an idempotent whose Fourier transform 
is the characteristic function of a set H,, where FE, D K,. The map ¢, from 
G— G/H,, induces ¢y+ from M(G) into M(G/H,). As was shown earlier 
the Fourier transform of ¢n+(gnp) is the Fourier transform of gp restricted 
to K,, or in other words, identically one. Thus ¢n+(gnu) is the point measure 
of mass one at the origin, which implies that gpp satisfies 


f Gn dp = 
Ho 


Thus |»|(H,) 21. If Ay, |» 21 and is of infinite index, 
which proves the lemma. 
Lemma 8. Let wand E be as before. Then either » has mass on a sub- 


group of infinite index or for each f in G, E contains only finitely many 
elements of the form fi. 


Proof. We may clearly assume f is of infinite order. Let H be the 
subgroup of @ annihilating f. By duality we know that G/H is the circle 
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group. As before ¢ denotes the map from G to G/H and ¢, the induced 
map from M(G) into M(G/H). The Fourier transform of $4(u) is one 
infinitely often by the hypothesis and so by Theorem 5, ¢,(u) has mass on 
a finite subgroup D of the circle. This implies that » has mass on ¢*(D) 
which is of infinite index in G. 


3. After these preparations we now begin the proof of the Main Lemma. 
To illustrate the method we shall first treat the case where G has no elements 
of finite order. We assume ||» || = M, and » has no mass on a subgroup of 


infinite index. 


Lemma 9. For any f in G of infinite order and arbitrary g, the number 
of elements of the form gfi which lie in E 1s bounded by a number N 
depending only on M. 


Proof. As in the proof of Lemma 8, it follows that ¢,(gu) is a finite 
exponentiai sum. Since || ¢4(gu) || the number of terms is bounded 
by some number V(J/) by Theorem 1. 

We shall now define functions 1 Sa(k), | such that 
for all f in # and all & there exists a j so that ff¢jdu—1-+ k8(M). Since 
this is impossible for k= M/8(M) we will have obtained a contradiction. 
We may clearly take a(0) =1 and ¢,© —1. Assume ¢;“ have been defined. 
Let be a collection of disjoint P-sets, where 1 a(k)+1. This is 
possible because of Theorem 4. In the definition of a P-set we allowed for 
a finite number of exceptional elements. However by adjoining a finite 
number of elements disjoint from any given finite set it is clear that we may 
assume that there are no exceptional values. Thus, if f€ # we have for each 
m,an element g» such that fgm€ #, and no two elements gm are equal. Thus 
there are functions such that S$ F9mbjem) dp = 1 +k&(M). Since 
m ranges through a(k) + 1 values it follows that for two values m, and mz, 
j(m,) =j(mz). Set 9m, 79m, Since g is not the identity element, it is 
| of infinite order. By Lemma 9, for some 0X nN we have fg"€ EF, but 
iy""'¢ B. We now apply Lemma 6, where the roles of ¢, g, and h are played 
bY f9m:Pjim,)™, g, and fg" respectively. The role of M is now played by 
|+k8(12). Since we must have 1+ %8(M) =M and 8(M) is a decreasing 
function we can clearly multiply the function y of the corollary by 
(1+ + 8(M)}/{1 + k8(M) +.8(1 + £8(M))} and still have | y| <1. 


Thus it follows by the corollary that there are absolute constants 2, a2, a» 
and a, so that if 


Y= (219m + + + ag"), 
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ly|S1, fydu=—1+ (k+1)8(M). Now it is clear that only finitely 
many functions y/f can arise in this manner. Thus if we define ¢;**) to 
run through all these functions we see that the construction is completed. 
Thus the Main lemma is proved in the case where G has no elements of finite 


order. 
In the case G has elements of finite order we will use Lemma 7 as well 


as the ideas already employed in the above proof. Set s=[M/8(M)] +1. 
For each Kk=1 and Ops we will construct finite collections U, of 
cosets of finite subgroups of G and finite collections of functions ®,*. These 
will satisfy the following properties. 


A. For each f in F and k=1, there is a coset aK in U; such that fak 
is contained in #. Conversely, if aK belongs to Ux, there is an f in EF such 
that faK is contained in Also, Ux, C 


B. For each f in £ and k =1, there exists p, OS ps, and a function 
¢ in ,* such that |¢|S1, and ff¢du—1-+ pd(M). Also C 


C. The subgroup K of condition A and the integer p of condition B may be 
chosen so as to satisfy the following. There are cosets a,K,a,K,,° ax-pK i», 
where a;K; belongs to U;_;, and K D K,D- - -D Ky», where the inclusions 
are proper. 


We define U, to consist of the one element group alone, while ©,' consists 
only of the function 1. For p=1, #,' is empty. Assume now that U;, and 
®,* have been defined. We introduce the notation ord(T) to be the number 
of elements of a set J. Set 


(10) a(k) =1-+4 Sord(a,"). 


Let Sm, 1S mSa(k), be a collection of disjoint P-sets with the further 
property that if gi€ Sm, and go€ Sm,, then gig. is not a member of any 
subgroup K such that a coset aK is contained in U;. That this can be done 
may be seen by first choosing 8,, then choosing S, disjoint from S,-+ K and 
soon. Again we assume that S,, are P-sets in the strong sense that there are 
no exceptional values. Let f€ H and gm€ Sm so that fgm€ EL. To each fn 
there exists p(m) satisfying property B. By (10) there are two values m, 
and m, such that the function ¢, and ¢. assigned by B are the same. Put 
J =9Jm, "Ym, We now have two cases. Case I occurs when g is of infinite 
order, Case II when g is of finite order. In Case I we define y exactly as 
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previously described. We remark again that only finitely many functions y/f 
can occur. In this case we assign to f and &-+-1 under property B, the 
integer p(m,) + 1 and the function y/f. This means of course that y/f must 
be placed in the set ®pimysi**?. Since fydu—1-+ [p(m,) +1]8(M) it is 
clear that p(m,) +1 s. If the cosets ,Ax-pKx-p are assigned to 
fgm, and & under condition C, then we assign 0, 419m,K1,° rp 
tof and &+1. This is possible if we define U;,, to include U;, since we 
already have U; C U;,; for 7 S&—1. It is now clear that conditions A, B, 
and C are completely fulfilled in this manner. In Case II g is of finite order. 
Let aK be assigned to fgm, and k under A. The set {Kg"} is a finite group 
properly containing K since g¢ K. We now distinguish two possibilities. 
If {f9m,aKg"} is contained in EF, then if ¢ and p in condition B are assigned 
tO 9m, and k, we assign gm,@ and p to f and k+1. To fulfill C we must 
find a chain of length k—p-+ 2 satisfying C. But if we assign gm,aKg" to f 
and k + 1 under A, clearly {gm aKg9"}, {9m,aK}, {Gm0:K1},° ip} 
is such a chain. We thus adjoin {gm,aKg"} to Uxz,.,. The number of such 
cosets we must adjoin is clearly finite. The second possibility occurs if 
{f@m,4K g"} is not contained in This means that for some in {g»,aKg"}, 
fb€ E but fobg¢ HZ. The number of such b which can occur is clearly finite. 
We now apply Lemma 6, where the roles of ¢, g, and h are played by 
£9,015 JmoJm, = 9, and fg respectively. As before 1+ now plays the 
role of M. Thus there is a y, where 


%1 Im P1 + -}- a3b +- asbg) 


and |y|S1, fydu=1+ (p+1)d8(M). In this case now we assign y/f 
tofand k+1. In C, we assign gm aK, 9m0:K1,° to f and 
k-+1. We adjoin y/f to ®pim,+:**?. Clearly we perform only finitely many 
adjunctions. Our construction of 6,* is now completed if we further demand 
C 

Now, as & tends to infinity for f fixed, it is clear that there are longer 
and longer chains occurring in condition C. For k >, since ps, at least 
one of the a;K; belongs to Us. Since each U;, is finite the usual selection 
argument shows that there is an infinite chain K, C K.C- - - such that for 
every j, there is a coset ajKj, such that fa;K; is contained in Z. Now by 
Lemma 7, this implies that » has mass on a subgroup of infinite index which 
is a contradiction. Thus the Main Lemma is entirely proved. 


Note. Since this paper was written Professor Davenport has shown that 
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Theorem 2 holds with the exponent 1/4. This was accomplished by improving 
the combinatorial Lemma 4 so that instead of (2r?)* appearing there, some- 
thing of the form (2r?)°* takes its place. Also he has explicitly given values 
for the constants a, Bj, yi in the corollary to Lemma 3 and proved directly 
that they satisfy the required inequalities. 
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ON HOMOMORPHISMS OF GROUP ALGEBRAS.* 


By Pau. J. CoHEN. 


Introduction. There have been several papers written on the subject of 
determining all homomorphisms, and more particularly, isomorphisms of 
group algebras of locally compact abelian groups. Except in certain special 
cases there does not seem to be much known. One case which has been treated 
is the case of two groups G and H, where H has a connected dual group . . 
In this case it has been shown that the only homomorphisms of L*((@) into 
L‘(H) are essentially those induced by homomorphisms of G into H [1]. 
This result was proved in the case where H is the real line and by means of 
the structure theory of locally compact abelian groups, extended to the more 
general case. The crucial point in the proof seems to be the obvious fact 
that a Fourier-Stieltjes transform taking only the values zero and one must 
either be identically zero or identically one. Equivalently we may say that 
the only idempotent measures on H are the zero measure, and Haar measure 
of the identity subgroup. Another case, that in which H is the circle group, 
has been solved in [5], [6]. In this case too, the complete analysis of idem- 
potent measures on the circle achieved in [4], was very heavily used. The 
author in a previous paper [2], has determined all the idempotent measures 
on locally compact groups. Thus, it seems reasonable that one should now 
be able to completely solve the homomorphism problem. 

In this paper, we shall do exactly that. A very simple, but hitherto 
unnoticed, relationship between the homomorphism problem and idempotent 
measures is established in the case of compact G and H. Then a passage to 
the Bohr compactifications of the groups in question yields the general result. 
There are certain technical complications which appear, some of which are 
standard, such as convolutions with approximate identities, which we hope 
will not confuse the reader. It is perhaps unnecessary to add that at all 
times the reader should bear in mind the concrete examples of Fourier series 
and Fourier integrals to better understand what is happening. In the case 
of Fourier series, our problem is precisely one of determining which mappings 
of Fourier coefficients in m-variables into coefficients in n-variables, send 
Fourier coefficients into Fourier coefficients. More specifically, let + be a 
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map from a subset J of the set of all m-tuples of integers, into the set of all 
n-tuples of integers. We then ask, under what conditions on 7 and J, will 


it be true that whenever 


a 


is a Fourier series in n-variables, will it follow that 
bed 


is a Fourier series in m-variables? The answer to this question is contained 
in Theorem 1 below, though it is difficult to express the answer any more 
simply in this special case than in the general situation. Suffice it to say 
that J is composed from linear subspaces of n-tuples by means of Boolean 
operations, and z is a piecewise linear map. 


1. We begin by reviewing certain standard notations and definitions 
If G is a locally compact abeliean group, and dm is Haar measure on (;, 
I*(G) is defined to be the space of all measurable functions f(z) on G, 
such that 


exists and is finite. Z(G) is a Banach algebra where the product, or as it 
is customarily called, the convolution of two functions f and g is defined as 


(4) (a) = 


The Banach algebra of measures on G, denoted by M(G@), consists of all 
finite Borel measures », where || » || is defined as the total variation of » and 


the convolution p*yv is defined as 


(5) (B)— dela) de(y). 


The maximal ideals of L*(G) with their topology can be identified with G, 
the dual group of G. If x is an element of G, we use (x,¢) to denote x 
applied to ¢, where ¢ is an element of G. Then the map 


is a homomorphism of L*(G) into the complex numbers and in this manner 
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one defines the correspondence between elements of G and maximal ideals of 
L+(G@). The map @ extends to M(G), namely, 


Since L1(G) is a closed ideal in M(G@), namely the ideal of absolutely con- 
tinuous measures, and since Z(G) is semi-simple, it is clear that one does 
not obtain all the maximal ideals of M(G) by means of (7). Equations (6) 
and (7%) define function on G denoted by f(x) and f(x) respectively, which 
are known as the Fourier transforms of f and up. 

Let ¢ now be a homomorphism of L(G) into M(H). It is well known 
that ¢ is continuous [5]. For any homomorphism «, of M(H) into the com- 
plexes, the map f—> a(¢(f)) is either a non-trivial homomorphism of L'(@) 
into the complexes, or is identically zero. In particular, we thus have a map 
¢, from 4 into the set {G,0}, consisting of the group G with the symbol 0 
adjoined. If we topologize {G,0} so that 0 is the point at infinity in the one 
point compactification of G, if G is not compact, while if G is compact we 
adjoin 0 as an isolated point, it will then follow that ¢, is a continuous map. 
Since a measure in M(H) is determined by its Fourier transform, it follows 
that d, completely determines ¢. Our task is then to characterize the maps 
¢;. The main result is the following theorem: 


THEOREM 1. Let G and H be locally compact abelian groups, ¢ a homo- 
morphism of L'(G) into M(H), dy the induced map of 4 into {G,0}. Then 
there are a finite number of sets K;, which are cosets of open subgroups of LE, 
and continuous maps y%;: K;—>G, such that 


(8) + y—2) + — 


forall x, y and z in Kj, with the following property: There is a decomposition 
of «. into the disjoint union of sets S;, each lying in the Boolean ring generated 
by the sets Kj, such that on each S;, $y is either identically zero or agrees 
with some yi, where S;C Ki. 


Conversely, for any such map of f into {G,0}, there is a homomorphism 
of L'(G) into M(H) which induces it. The map ¢ carries L'(G) into L'(H), 
if and only if dy"? of every compact subset of G is compact. 


In the course of the proof, we shall need the characterization of idempotent 
measures referred to above. The form in which we state the theorem differs 
‘lightly from the version in [2]. This is because in that paper we considered 
ilempotent measures on compact groups only, having previously remarked that 
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any idempotent measure has its support on a compact subgroup. Bearing this 
in mind, it is easy to see that the following formulation is equivalent to the 
one given in [2]. 

THEOREM 2. If w is a measure on a locally compact abelian group G, 
such that p*p=—= , then ji ts the characteristic function of some set E, the 
sets E which can occur being precisely those which le tn the Boolean ring 
generated by cosets of open subgroups of G. 

We shall first prove the second half of Theorem 1. Let us first treat 
the simplest case, namely, we assume that we have a continuous homomorphism 
¢, of & into G. We would like to show that there is a homomorphism 4¢ of 
I*(G) into M(H) inducing ¢,. We observe first that there is a continuous 
homomorphism ¢ of G into H such that 


(9) (x, $(9)) = (bx(x)>9) 


for all x and g in & and & respectively. The map ¢ induces a map ¢ of 
M(G) into M(H) by means of the formula, 


(10) ($(u)) (#) =2($7(£)). 


For any Borel set # in H, we have 


by (10). Since ¢ is a homomorphism, the last integral in (11) is equal to 


1(E 


Thus ¢ is a homomorphism of M(G) into M(H). For a fixed choice dm, 
of Haar measure on G, Z(G) is canonically imbedded in M(G@), so that ¢ 
is also a map of L'(G) into M(H). To see that ¢ induces ¢, we need only 
verify that 


But, the left side of (13) is equal to 


by (10), so that @ does induce ¢,. 
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Now, we notice that if a homomorphism ¢ induces the map ¢,, then 
clearly for any character x in G, the map x¢x is induced by the map p—> $( xz), 
as we see from the formula 


(15) J, )dult) = 


for all a in £. Similarly we can see that the map ¢,’: «> $4(@- x), where 
aand x are in f, is induced by the homomorphism p> x-¢(u). We can thus 
say that the set of all ¢, is invariant under the operation of translation, either 
in the image or domain space. Now, if y is a map from a coset K of some 
open subgroup L of i into G, such that 


(16) y(z+y—z) = + 


for z, y and z in K, then for suitable a in G, b in L, we have 


y(r) 


where ¢y is a homomorphism of Z into G. If we can show that ¢, is induced 
by a homomorphism of Z1(G@) into M(H) it will then follow that y is like- 
wise induced by such a homomorphism. We have just seen that this is so if 
Lis all of £. If Z is an open subgroup of £, then ZL is the dual group 
of H/H,, where H, is a compact subgroup of H. It thus follows there is a 
map ¢’ of Z1(G) into M(H/H,) such that 


G 


fora in L. We will now show that there is a homomorphism o of M(H/H;) 
into M(H), such that for all » in M(H/H,) 


(18) (x, t)do(u) = t) dp 


ify is in Z and zero otherwise. Composing the map ¢’ with o will then show 
that @, is indeed induced by a homomorphism from Z'(G@) into M(H). 
Such a map o is given by the formula 


(19) =f lula) 


where m(¢) is Haar measure on H,, normalized to have total mass one, and f 
is any continuous function on H. 

Let us consider the most general case of the second part of Theorem 1. 
By Theorem 2, to each set S; there exists a measure »,; on H, such that jj is 
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the characteristic function of S;. If S; is contained in K;, and ¢’ is a homo. 
morphism of Z*(G) into M(H) such that ¢’, agrees with y; on Kj, and is 
zero elsewhere, then it is clear that the map ¢: »— p;s*p’(m) induces a map 
$y Which agrees with y; on Sj, and is zero elsewhere. By summing all such 
maps for each j, we see that the second half of Theorem 1, without the 
assertion concerning when L‘(G@) is mapped into L'(#), is proved. 


2. Let ¢ now be a homomorphism from L(G) into M(H). We shall 
first prove that ¢ can be extended to a map of M(G) into M(H), and give 
conditions when this extension is unique. These elementary facts are essen- 
tially contained in [3] and [5], but we reprove them here for the sake of 
completeness. Also, we do not use directed sets as in [3]. Assume first that 
¢ can be extended to a map of I/(G@) into M(H). Then for each x in f, 


the map 


(20) p> Jf 


is a homomorphism of 1/(G) into the complexes. On L(G) this map 


coincides with the map 


(21) p> (x)dn, 


where w is an absolutely continuous measure. If $,(x) is not zero the maps 
(20) and (21) must agree for all ». This follows from the general fact that 
a homomorphism 6 from a ring # into a field, which is not identically zero 
on an ideal J, is determined by 6 restricted to J. For, if a is an element 
of J such that 0(a) +0, for all z in & we have 


=0(ax)/0(a), 


where az also belongs to J. ‘Thus, if ¢, is never zero, @ extends uniquely to 
M(G), if at all. Now, if we can show that for each »p in M(G), there exists 
in M(H), such that 


(23) J = de 


for all x in L, then clearly ¢ will then be a homomorphism of M(() into 
M(H) extending our original homomorphism and inducing the same ¢,._ i 
we set 


(24) A(x) = 


(22) 
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we are asking whether or not A is the Fourier transform of a measure. For 
each continuous function g on H, vanishing at infinity, whose Fourier trans- 
form has compact support, consider the map 8, 


(25) B:9> 


It is known that the set of all such g are dense in the space of all continuous 
functions vanishing at infinity. If we show that @ is a bounded functional, 
| it will then follow that for some measure v on H, we have 


(26) J, gram. 
H 


On the other hand, we have 


(27) J, giv dm. 
H ff 


Since, the set of all g is dense in the space of continuous functions on 4 
vanishing at infinity, we will have Av. Therefore, we need only show that 
B is a bounded functional. For a fixed g, let g vanish outside S, where S 
iscompact. For « > 0, let k be a function in Z*(G) such that || & || =1, and 
<e on Now, we have 


| If C is a bound for ¢$, that is, 


(29) lePlSe url, 
then, for all f in Z'(G) we have 


H H 


=| | 


Hence the left side of (30) is bounded by 


(30) 


(31) Io lol SC lg lo 


Now as ¢ tends to zero, the left side of (30) approaches the right side of (25). 
| Thus y exists and || v|| SC » |. 

If $, maps any element of # into zero, it will follow from Theorem 1 
| that the set of all such elements is an open set in f, whose characteristic 
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function is the Fourier transform of an idempotent measure po. If ¢ is the 
extended map of M(G) into M(H), which induces ¢,, which was shown to 
exist above, and if w is an arbitrary homomorphism of M(G) into the com- 
plexes which vanish on L’(G), of which there are many, then it is clear that 
the homomorphism 


(32) + po 

is a different extension of the original ¢. Since we have quoted Theorem 1 
in the proof of this last point, we shall not use this observation in the sequel. 
Summarizing, we have 


TueEorEM 3. If ¢ ts a homomorphism of Li(G) wnto M(H), can be 
extended to a homomorphism of M(G) into M(H), by means of the formula 


(33) in) 


The extended ¢ will have the same bound as ¢ itself. This will be the unique 
extension if and only if dy never takes the value zero, or G is discrete. 


3. In this section we prove the fundamental lemma. 


Lemmas. Let G and H be compact abelian groups, ¢ a homomorphism 
of L'(G) into M(H). Let S denote the subset of GX consisting of all 
pairs (d4(h),h), where h runs through all members of & such that $,(h) 
ws not zero. Then the characteristic function of S is the Fourier transform 
of an idempotent measure on GX H. 


Proof. Let k be a function on H, such that || & || —1, and i takes non- 
zero values only finitely often. Thus & is a finite exponential sum on H. 
We shall have occasion to regard k as a cunction on G X H, and & as a fune- 
tion on GX 4K. Of course, now & may take non-zero values infinitely often. 
As in (29) let C be a bound for the map ¢. We shall first show that if A is 
the characteristic function of S, Aé is the Fourier transform of a measure 
of norm not greater than C. Since & can be made arbitrarily close to one 
on given finite sets, it then will follow, as in the previous section, that d itself 
is the Fourier transform of a measure of norm not exceeding C. We have 
that Ak is the Fourier transform of the following function on G X H, 


(34) $(g,h) = F(x) 


where g and h are in G and H respectively. This is of course only a finite 
sum. For a fixed g, (¢4(x),g) is the Fourier transform of ¢(p_,), where ¢ 
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here denotes the extension of our original ¢ to the measure algebra M(G), 
and py is a point mass of one at —g. Hence, for fixed g, $(g,h) is the 
convolution of and Thus, 


Since this holds for each g and the total measure of G under Haar measure 


is one, we have 
(36) lo(g,h) || SC 


and the lemma is proved. 


We shall say that a subset of G X @ is a graph, if for each h in # there 
is at most one g in G, such that(g,h) is in that set. By Theorem 2, 8S is in 
the Boolean ring generated by cosets of subgroups of GX A. S is of course 
also a graph, and we shall now show that 9 is in the Boolean ring generated 
by those cosets of subgroups of GX H, which are also graphs. We need a 


simple lemma. 


Lemma. An abelian group cannot be the union of a finite number of 
| cosets of subgroups, each of infinite index. 


Proof. Let G denote the group, and assume that G is the union of cosets 
a';+ H;, where H; are distinct subgroups, each of infinite index. If for any 
pair 4, and %2, we have that [H;,: Hi, Hi,] is finite and distinct from one, 
| then it is clear that every coset of H;, is a finite union of cosets of Hi, Hi,. 
| Hence we can replace H;, by Hi, H;, in our original list of subgroups Hi. 
After a finite number of such replacements, it is clear that without loss of 
| generality, we may assume that for all 7, and i., [H;,: Hi, H;,] is either one 
| or infinite. Let K now be any coset of H, which does not appear in our finite 
| collection. The intersection of K with a coset of Hj, i> 1, is clearly a coset 
| of the subgroup H, © H;. Thus K must be the union of a finite number of 
: cosets of H, H;,i>1. Equivalently, H, must be such a union. Now if 
we assume by induction that the lemma is true if no more than k distinct 
| subgroups H; appear, we have clearly proved it for the case k-+1. Hence 
the lemma follows by induction. 

Let S now be in the Boolean ring generated by cosets K; of subgroups 
Hi of GX H, 1Sisn. We assume for the sake of convenience that the 


| group GX Hi itself appears among the K;. Then 8 is the union of sets of 
| the form 


(32) P= (1) Ky) (1) CKy), 


=r+ 


e 
0 
e 
ll 
) 
m 
1, | 
is 
re 
lf 
re 
te 
oF 


222 PAUL J. COHEN. 


where CK;, denotes the complement of K;,. By a finite number of replace- 
ments as above, we can assume that [H;: H;M H;] is either one or infinite. 
The set P can also be written as 
(38) P=LN CM;), 

1 


=r+ 


where and Ki,. Now is contained in L, and if |, 
j= 


is a coset of L’, while M; is a coset of M’;, [Z’: M’;] is either one or infinite, 
Since S is a graph, and S contains P, P is also a graph. We shall now show 
that Z isa graph. Assume that L’ did contain an element of the form (g,0). 
where g belongs to G and is not zero. Then for (gi,h:) in L, either (9,,h,) 
or (g1 + 9,h1) is in 
j=r+ 
L is the union of M; and M;+ (g,0), which violates the lemma. Thus L 
and hence M; are graphs. Since the projection on # is in the Boolean ring 
generated by cosets of subgroups of 4, and L is the graph of a linear function, 
we see that the first half of Theorem 1 in the case of compact G and H is 


M;, since otherwise P would not be a graph. Hence 
1 


proved. 


4. We now pass to the case where G and H are not necessarily compact. 
As described in the introduction we shall have occasion to pass to the Bohr 
compactifications G and H of G and H respectively. 


Lemma. Let ¢ be a homomorphism from L*(G) into M(H). inducing 
dx: H—>{G,0}. If we then consider G and & in the discrete topology, ¢, 
satisfies the conditions of Theorem 1. 


Proof. We need only show that there is a homomorphism ¢’ of L*(@) 
into M(#) inducing ¢, on & into G. We recall here that G and H are the 
dual groups of G and & taken with the discrete topology. If we compose the 
map of M(H) into M(#) induced by the canonical imbedding 7: H- H 
with ¢, we obtain a homomorphism A of Z'(G@) into M(H) which induces 
¢, on & into {G, 0}. 

As in §2, by convoluting with an approximate identity, it only remains 
to show that for any » in M(G@), the function f(¢,) on A can be approxi- 
mated arbitrarily well on finite subsets by functions of the form 7, where 
|v || is bounded. For any finite subset of G, one can find a measure p’ in 
M(G) such that f’ and 4 differ by arbitrarily little on that subset and 
|v’ || Sel]. This is true because G is dense in G. Since 


IAM) 


A(u’) will serve as the v above, and we have proved the lemma. 


| 

( 

| 

| 
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The rest of this section will now be devoted to the task of showing that 
$, does satisfy the conditions of Theorem 1, with the original topology on G 
and H. We shall deduce this from the preceding lemma and the fact that 
$, is continuous. We shall first show that if 7 denotes the subset of H on 
which ¢, is not zero, then 7’ is an open and closed set. We know that S, 
the graph of $,, is a union of sets of the form (38), where LZ and M; are 
oraphs, and if L is a coset of L’, while M; are cosets of M’;, L contains Mj, 
and [L’: M’;] is infinite. It follows then that 7 is the union of sets of the 
form 


(39) CM,), 


where L and M; are the projections on A of L and M; respectively. Fuuther- 
more on P, $y, agrees with a map y of L into G, where 


(40) =y(z) +¥(y) 


for z, y and z in L. By the lemma of §3, L is not contained in the union 
of a finite number of translates of the M;. It follows easily that there are 
r+1 elements in P, * such that for mn, is never in 
the subgroup M’; of which M; is a coset. Hence, if # and y are in L, if for 
all dm, we had that ad, + x—y were not in P, for some m and n, dm +2—y 
and n+ e—y would be in the same M;. This would imply that am—dp 
| isin W’;. Thus for 2 and y in L, there is some m such that am+2—y 
isin P. If U is a neighborhood of the identity in G, we can find open sets 
| Vp containing a, such that z, and in Vm P implies that $4 (21) (22) 
isinU. Now 
(41) W(x) = + y) — (Gm). 


Hence for some neighborhood V of the identity, if 2 and y are in L, and 
t—y lies in V, then ¥(x) —y(y) isin U. Hence y is uniformly continuous 
on L and hence on P. Thus the closure of P is also contained in T, since 
zero is either the point at infinity on G or is isolated. Therefore, T is the 
union of a finite number of closed sets, and so is closed. On the other hand, 
r is trivially open, so that 7 is both open and closed. In particular, 8 is a 
closed set. 

To avoid the use of subscripts, we introduce the notation f(A,2) for 
the characteristic function of the set A. We have then the following lemma. 


Lemma. Let K;/ be a finite collection of cosets of subgroups Hy of a 
group G. Then if 


(42) f(x) => cif (Ki, x) 
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for some constants cj, and B, are the disjoint sets on which f(x) takes its 
finite number of values, then there are subgroups H’; lying in the Boolean 
ring generated by B, and their translates, such that for some cosets K’;) of H’, 
each B, is in the Boolean ring generated by K’;,’. 


Proof. As before we may assume that [H,: Hi Hj] is either always 
one or infinity. Under this assumption we shall prove that if 


(43) fi(z) = cuf 2) 


takes its finite number of values on sets C,, each of which is of course a union 
of cosets of H;, then each C;, is a union of cosets of some subgroup H’;, which, 
in turn, lie in the Boolean ring generated by all the sets By and their 
translates. Also [H’;: Hi] is finite. The proof proceeds by induction on the 
number of distinct groups H; which occur. Assume first that there is only 
one H;—H. It clearly suffices to prove it in the case where cj; are all one. 
Let H’ be the group of all a such that f(z+a) —f(x). H’ contains H and 


we have 


(44) f(z) = + b,2), 


where 6; are elements of G. By translating f we can assume that 6,=0. 
We prove, by induction on s, that H’ is in the Boolean ring generated by the 
support of f; and its translates. The case s=1 is trivial. The union of all 
the cosets H’ + 6; does not form a group, since otherwise the definition of H’ 
would be contradicted. Hence for some bj, f(«—b;) —f(x) is not identically 
zero. 
But 
(45) bj) —f(«) 


where g, and g» are characteristic functions of unions of less than s cosets 
of H’. By induction it follows that the group H’, which leaves the support 
of g, invariant under translation is in the Boolean ring we would like it to 
be in. Also by considering f—g,, the subgroup H’, leaving it invariant is 
also in that Boolean ring. Since H’ is the intersection of H’, and H’, the 
result follows in this case. 

If more than one H; occurs, assume that H, is such that it is not con- 
tained in any other H;. Then H, is not contained in the union of any finite 
number of cosets of H;, i441. Let a, and a, be two members of H, such 
that the cosets K.j, K.i+a,, K./+ a, are all distinct. Now the functions 


J 
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f(a) and f(z) —f(x—az,) involve fewer distinct H; than f, 
since they do not involve H,, and so 


(46) Dd Coif — > Cojf (Koi + ai, 7) 
and 
(47) Coif (Kei, x) — Cojf (Ko! + ae, 


take their distinct values on unions of cosets H”, and H’’, respectively, both 
of which contain H;, and which lie in the desired Boolean ring. From the 
choice of a, and a, it follows that f.(xz) takes its distinct values on unions 
of cosets of H’, =H”, H’’,. Similarly for all f;,i1 541. Hence the lemma 
is proved. 

We now apply the lemma to the graph S of ¢,, which we know is a 
closed set. We deduce that S is a union of sets P as in (38), where L and M; 
are in the Boolean ring generated by closed sets. Such sets we shall call 
finite Borel sets. We now would like to deduce that the sets L and M, in 
(39), which are the projection of Z and M; are measurable subsets of i. 
We could quote a general theorem to this effect, but we prefer to prove it 
directly. As was proved above, we know that Z and M; are the graphs of 
uniformly continuous functions. Now, Z is the union of a finite number of 
sets, each of which is an intersection U M F, where U is open and F is closed. 
Of course, U  F is also the graph of a uniformly continuous function. Hence, 
without loss of generality we may assume that L=UNMF. We have 
L=-U 1 L, where LZ is the closure of Z. Now by the assumption of uniform 
continuity Z is the graph of a continuous function on the closure of L. It 
follows easily that L is the intersection of its closure and an open subset of A. 
Hence L, and similarly M;, are Borel subsets of 7. 

Assume that for a given term P, L is an open coset. We need the 
remark that a subgroup and hence a coset of positive measure, is necessarily 
open. This is true because it must contain its own set of differences, which 
is well known to contain a neighborhood of the identity. Let Mj, 1SjSs, 
be open, while, for s-+-1<j<r, M; are not open. Then consider the set 


(48) W=Ln(f) CM;). 
j=1 


This set is open. We assert that P is dense in it. Otherwise, W—P contains 
an open set, but since this set is contained in the union of M;, st1iSsjer, 
each of which is of measure zero, this is impossible. Hence on W, ¢, 
coincides with y. Now, the set of all such W covers T. For, the difference 
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T—W is open and must be contained in the union of a finite number of 
non-open L, each of measure zero, which is impossible. Thus we have shown 
that the first part of Theorem 1 is true. 

It only remains to show that ¢ maps L1(G@) into L*(#) if and only if 
o, of a compact subset of G is always compact. If there is a compact 
subset C of G such that ¢,-1(C) is not compact, then if f is in L*(G), such 
that f is greater than or equal to one on C, it is clear that f (dy) can not be 
the Fourier transform of any function in L1(H). Conversely, if ¢, has the 
above property, and if f is in Z*(G@), it is well known that we can find 
functions f, in Z*(G) such that || f—f, || tends to zero, and fn vanishes off a 
compact set. Since fn($) vanishes off a compact set, it is clear that 4(j,) 
isin L1(H). Since ¢(f,) approaches ¢(f), and L'(#) is a closed subalgebra 
of M(H), the result follows. 
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Chapter I. Introduction and Preliminaries. 


1.1, Introduction. For the past three decades, the theory of self-adjoint 
operators and self-adjoint operator algebras has undergone a vigorous and 
moderately successful development. A large share of the credit for this 
moderate success must be given to the reasonably detailed theory of factors 
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created by Murray and von Neumann [6], and to its later elaboration, the 
general theory of von Neumann algebras, by several mathematicians [1]. 
The von Neumann algebras are special enough so that incisive structural 
results can be established yet broad enough so that they can be related to the 
general self-adjoint operator algebras. The limitations which exist at present 
in the self-adjoint theory seem basically to reside in the special problems about 
factors which remain unanswered. 

It is our hope that the theory we initiate in this tract will be capable of 
filling an analogous réle in the study of non-self-adjoint operators and operator 
algebras. In finite dimensions, the class of operator algebras we study are the 
triangular operator algebras (the algebras of those matrices relative to given 
bases in given orderings with 0 entries below the diagonal). In general, the 
class of algebras we study is characterized by the simple property: J*1 J 
is maximal abelian. We call such algebras “triangular ”—in finite dimen- 
sions, they are subalgebras of the triangular matrices; with a maximality 
assumption, they are full algebras of triangular matrices. In infinite dimen- 
sions one would not expect a “classical” basis to be related to a given maximal 
triangular algebra in general. The “continuous” as well as the “ discrete” 
appears in infinite dimensions. Even when this is taken into account, how- 
ever, a large section of the theory must concern itself with maximal triangular 
algebras to which no ordered basis (in the appropriately general sense) can 
be said to be associated. Of course the ordering of the basis has a much more 
critical position in the infinite-dimensional theory than in the finite-dimen- 
sional theory (based mainly on the fact that there is just one total-ordering 
type associated with a given finite set). The hyperreducible maximal tri- 
angular algebras (those satisfying certain reducibility conditions) seem to be 
the correct generalization of the concept of “ordered (orthonormal) basis” in 
the same sense that maximal abelian (self-adjoint) algebra generalizes the 
concept of “(orthonormal) basis.”’ 

The theory of triangular algebras seems to us to provide the general 
framework within which the reducibility properties of a bounded operator can 
be studied—in particular, the questions centered about invariant subspaces 
and bringing operators to “triangular form.” A satisfactory theory of tri- 
angular algebras might provide an effective tool for the analysis of infinite- 
dimensional representations of solvable Lie groups. 

In Chapter II, our basic definitions and results as well as examples 
establishing the existence of various special classes of maximal triangular 
algebras are presented. Chapter III contains the detailed development of the 
theory of hyperreducible triangular algebras. These have the position it 
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triangular theory which the abelian algebras occupy in the study of self- 
adjoint algebras. It is natural to expect, therefore, that their theory would 
be most accessible (though the abelian-hyperreducible analogy has very limited 
applicability). At another time we shall describe the general constructions, 
with triangular algebras—restriction to a projection, triangular direct sums, 
and triangular tensor products. These operations are related to the hyper- 
reducible theory. With the aid of these, some ideal theory for triangular 
algebras, and the results of [5], an example of a triangular algebra which is 


not strongly closed can be constructed. 


1.2. Preliminaries. Our Hilbert spaces are complex. Our maximal 
abelian algebras are the self-adjoint ones. All operators are bounded unless 
otherwise specified. The “multiplication algebra” associated with a measure 
space is the (maximal abelian) algebra of operators corresponding to multi- 
plications by essentially bounded measurable functions on its L, space. 
“Totally-atomic”’ maximal abelian algebras are those generated by minimal 
projections—the “non-atomic” ones are those without minimal projections 
(atoms). Hach maximal abelian algebra is the direct sum of a non-atomic 
and totally-atomic one. The non-atomic algebras on separable spaces are 
unitarily equivalent to the multiplication algebra of the unit interval under 
Lebesgue measure. A separating vector for a maximal abelian algebra is one 
which is annihilated by no operator in the algebra other than 0. 

If ¥ is a set of operators and S a set of vectors, we denote by [FS] 
the closed linear space spanned by vectors Tz with T in § and z in S, and 
by #’ the set of operators commuting with each of those of ¥. We often use 
| the same symbol to denote both a projection and its range. Invariance of the 
range of a projection, H, under an operator, T, is equivalent to TE = ETE. 
Moreover, # is invariant under 7’ and 7* if and only if F commutes with T. 


Chapter II. General Theory. 


2.1. Basic definitions and notation. A feature of the algebra of n X n 
matrices with entries on or above the diagonal relative to a particular basis 
and a particular ordering of that basis which embodies its characteristic 
property of having entries on just one side of the diagonal is the fact that its 
| intersection with its adjoint is the set of diagonal matrices, i.e. the maximal 
| abelian algebra associated with the basis. The fact that the algebra contains 


| all such matrices is reflected in its maximality with respects to this inter- 
_ ‘ection property. These considerations lead us to 
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DEFINITION 2.1.1. If % is a factor and @ a maximal abelian (selj- 
adjoint) subalgebra of NM; a subalgebra, J, of M will be said to be “ tri. 
angular in IN” (or simply “ triangular,” when IM is all bounded operators 
on the underlying Hilbert space) with diagonal when TN IT*—. If GJ 
is not a proper subalgebra of another algebra which is triangular in MN we 
shall say that F is maximal triangular in IN. The projections in IM which 
are invariant under J are called “the hulls of J”. The intersection of all 
hulls of FJ containing a given projection, E, is called “the hull of E (in J)” 
and is denoted by “hg(H).” The von Neumann algebra generated by the 
hulls of J is called “the core of J.” 


temark 2.1.2. If JF is triangular in 9% with diagonal, and {J,} 
is a family of algebras, containing J, which are triangular in 9, and is totally 
ordered by inclusion; then Jo, the union of the family, is triangular in 9 
with diagonal @ and contains J. In fact, TaN Jo* is maximal abelian in 
M, by assumption (Jaq is triangular), and contains J N J* (=), which has 
also been assumed to be maximal abelian in Mr. Thus TaN Jo* =, and 
@ is the diagonal of each Fa. An operator in J,M Jo* lies in some J, 
and some Ja*. Since the family, {Fa}, is totally ordered by inclusion, the 
operator lies in one of Tw A FTa*, and thus, in Of course. 
G is contained in J,N Fo*, so that A=FT,NF_*; and J, is triangular in 
Mm (with diagonal @). Applying Zorn’s Lemma, we conclude the existence 
of a maximal triangular algebra in 9 containing J. We have observed, in 
addition, that when one triangular algebra is contained in another, they have 


the same diagonal. 


Remark 2.1.3. To test that an algebra J is triangular with diagonal 
Qi, it suffices to show that each self-adjoint operator in J lies in @ and that 
@ is contained in J. In fact, JO J* is a self-adjoint algebra containing 
each self-adjoint operator in J and generated (linearly) by these operators. 


Remark 2.1.4. If JF is triangular in 9m with diagonal @, then each 
hull of JF is invariant under J, hence under @; hence commutes with ani 
therefore lies in @ (since it lies in 9, by assumption, and @ is maximal 
abelian (self-adjoint) in 9). Thus, the hull, h(#), of each projection, F. 
lies in @; and the core of J is an (abelian) von Neumann algebra contained 
in @. It is easy to see that h(Z) = [FMF]. 

In the theory of triangular algebras the core plays the réle that the center 
has relative to the theory of self-adjoint operator algebras. 
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Remark 2.1.5. If J is a maximal triangular algebra with diagonal , 
the center of J consists of scalar multiples of 7. Suppose A is in the center 
of J, then, since @ is maximal abelian, A lies in @, and, in particular, A is 
normal. With B in J§, BA—AB, whence, from Fuglede’s Theorem [2], 
AB* = B*A, and B commutes with each spectral projection EH of A. Thus 
Fand I —E are hulls in J, an impossibility, since the hulls are totally ordered 
(cf. Lemma 2.3.3), unless # is 0 or I. It follows that A is a scalar multiple 
of I. 


2.2. Some examples. The most familiar instances of maximal tri- 
angular algebras which are not finite dimensional arise from particular 
total orderings of an orthonormal basis for separable Hilbert space. They 
consist of all operators leaving invariant each of the subspaces generated by 
the basis vectors preceding a given one. These subspaces and those spanned 
hy a basis vector and all basis vectors preceding it are the hulls—the diagonal 
is totally atomic (cf. Theorem 3.2.1). The operators leaving invariant the 
multiplication operators corresponding to the characteristic functions of inter- 
vals with left endpoint 0 on L2(0,1) relative to Lebesgue measure provide 
an example of a maximal triangular algebra with non-atomic diagonal. 
This same example relative to a measure with some atoms gives rise to a 
maximal triangular algebra with mixed diagonal. In each of these examples, 
two properties of the maximal triangular algebras are prominent: the core is 
equal to the diagonal and the hulls form a totally-ordered family (under the 
usual projection ordering). Examination of the finite-dimensional situation 
would lead us to suspect that these properties are valid for all maximal tri- 
angular algebras. In point of fact, however, the first does not hold in general 
(though it does for algebras with totally-atomic diagonals—cf. Theorem 3. 2. 1) 
while the second does (cf. Lemma 2.3.3). The theorem which follows pro- 
vides us with the basis for specific examples of maximal triangular algebras 
whose core consists of the scalars (i.e. whose hulls are 0 and /). 

We say that a unitary operator, U, acts ergodically on a von Neumann 
algebra, @, when U@U* = and there are no projections in @ invariant 
under U other than 0 and J. In particular, no projections of @ other than 0 


and I commute with U; however, this is not equivalent to the ergodicity of 


Uon G. In fact, with {yn}n-o,-1,-- an orthonormal basis, F,, = 
and @ all bounded diagonal matrices; if we define U by: Uyn—=Yn-+1; then 
U leaves each F,, invariant but commutes with no projection in @, other than 
and J. 
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THEOREM 2.2.1. If the unitary operator, U, acts ergodically on the 
infinite-dimensional, maximal abelian algebra, GZ, then the algebra, 3, gen- 
erated by G and U is triangular, and the set of hulls in 3 is {0,1}; so that 
the same is true of each maximal triangular algebra containing 3. 


Proof. Since U acts ergodically on @, we know that 0 and I are the only 
hulls, once we know that 3 is triangular. Note that each element, 7’, of J 
has the form 4, + 4,U +: -+A,U", with A; in since U"A = U"AU[" 
= A’U". Assume that T is self-adjoint, so that 


Ay +: --+A,U" = A,* + U-"A,*. 


Multiplying both sides by U", renormalizing, and transposing, we have 
0—A,’+A/U+---+A,U7", where A, is as before. Assume that 
A,+-:--+A,U"=0 is an equation of minimal degree for U over Cl. Let 
E be the range projection of A, and F any projection in @ contained in J. 
Then, if G = U"FU" F, we have 0 G— GF (= M) ; whence 0 AU" MI" 
=F. Writing N for U-"MU", we have NA, 0, since N is a non-zero pro- 
jection in the range of A,; and NA,+---+WNA,U"=—0. Thus VA,+\0, 
for otherwise, U would satisfy an equation of degree lower than n over (f. 
But 


0—NA,+NA,UN +--+ -+NA,U°N 
+: --+4,./U™ 


(recall that FM—0 and N=F). Since NA, this last equation contra- 
dicts the minimal property of n. Thus U™ leaves each projection in @ con- 
tained in FE invariant (i.e. in the present instance, GS F). 

The range projections of A, and A, must be identical, for if they are not. 
since they commute, one contains a non-zero projection, G, in @ orthogonal 
to the other, so that one of GA o, GA», is 0 while the other is not. In either 
case, U would satisfy an equation of degree less than n. Thus, F is the 
range projection of both A, and A,. From our equation for U, we obtail 
+ A,U-") +--+ -+A,—0; and this is an equation of lowest degree 
for U-' over @. In fact, if there is one of lower degree, by taking adjoints 
and renormalizing, we locate an equation of degree less than n satisfied by 
From the result of the preceding paragraph, therefore, U-" (=U) leaves 
each subprojection of F in @ invariant. We conclude that U" commutes with 
each such subprojection. Thus, with F= F# and F in GQ, 


F + FU + + FU 
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commutes with U. By ergodicity of U on @, F+---+U-"YFU" is a 
| scalar multiple, kr7, of J. Now each summand of 


is a projection, and these projections commute. Elementary spectral theory 
tells us that ky is a positive integer (F~0). If HAF, ky +ker—kp, so 
that one of ky, kz_r does not exceed kp/2. If F and H —F are not minimal 
in @ and F, let us say, is such that kp = kp/2, then we can choose F, in CZ, 
F, << F such that kp, =ke/4. Thus, if # contains no minimal projections, 
we can locate a projection, in EF with kr,, < kp/2™ <1: a con- 
tradiction. Thus # contains a minimal projection, F, of @. It follows that 
ViFU~ are minimal in @, and @ being abelian, are (mutually) orthogonal 
| oridentical. Let m be the least integer such that U™FU-" = F, so that m =n, 
F, UFU*,+---+U™"*FU--» are orthogonal, and 


commutes with U. This sum is a scalar multiple of 7, non-zero, and a pro- 
jection. It is, therefore, J; so that @ is m-dimensional, contrary to hypothesis. 
It follows that U satisfies no polynomial equation over @ and @ is triangular. 
The maximal triangular algebras containing 3 can’t have a larger family of 
hulls than 3 has; whence the hulls of such maximal triangular algebras are 
and J. 


This result and proof hold also in a factor. 


Example 2.2.2. Let C be the unit circle with Lebesgue measure, # be 
L,(C), @ be the multiplication algebra of Z,(C), and U the unitary trans- 
formation of & induced by an irrational rotation of C. It is well known that 
an irrational rotation of C is ergodic with respect to Lebesgue measure, from 
' which we deduce that U acts ergodically on @. Of course, @ is infinite 
| dimensional, whence from Theorem 2.2.1, @ and U generate a triangular 
algebra, 3. Each maximal triangular algebra containing 3 has 0 and J as 
its only hulls. 


DEFINITION 2.2.3. A triangular algebra whose only hulls are 0 and I 
will be said to be “irreducible.” 


Irreducibility is equivalent to the core’s consisting of scalars. It is clear, 
moreover, that the irreducible triangular algebras are those which act irre- 
ducibily on the underlying Hilbert space. 
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2.3. Some basic lemmas. In this section we develop a criterion which 
guarantees the membership of a given bounded operator in a particular 
maximal triangular algebra. With the aid of this result, we show that the 
hulls of maximal triangular algebras in factors are totally ordered (under 
the projection ordering). 


Remark 2.3.1. If N is a projection invariant under the algebra g 
and M is a projection orthogonal to N, then MSN —0 for each S in g 
In fact, MSN = MNSN =0SN 0. 


Lemma 2.3.2. If C is a self-adjoint operator algebra, 3 an operator 
algebra maximal with the property of having @ as its intersection with its 
adjoint, N and M orthogonal projections with N wmvariant under, and in 3, 
and B an operator such that B= NBM, then B lies in 3S. 


Proof. Since B? =0, each operator, T, in Bo, the algebra generated by 
d and B has the form, 


(*) 


where the terms S which appear are not necessarily the same but all lie in d. 
We shall show that 3,9 3.* whence by maximality, and B 
lies in 3. To this end, it will suffice, of course, to show that each self-adjoint 
operator in (so, in M lies in G, since is a self-adjoint 
algebra and, therefore, generated by its self-adjoint operators. 

We assume that 7’ in 3d, is self-adjoint and has the form described in (*). 
By hypothesis, the range of B is contained in N, so that B leaves N invariant. 
and, thus, 3, leaves N invariant. From Remark 2.3.1, we conclude that 
(I—N)TN =0, whence from the self-adjointness of T, NT(I—N) =0. 
It follows that T=—=NTN+ (I—N)T(I—N). Now (I—N)T(I—N) 
= (I[—N)S(I[—N), since (I—N)B=(I—N)SB= (I—N)SNB=0. 
by hypothesis on B and invariance of N under 8S. With (J —N)S(I—\N) 
self-adjoint, we conclude that (I —N)T(IJ—N) lies in @. It suffices, there- 
fore, to show that NTN lies in @. But NTN=NSN+ D> NBS: - - BSN 
+3 D> NS: - -BSN=NSN, since BY 
= BSN =0; and NSN lies in C, being a self-adjoint operator (NTN) in 4. 
In the above lemma, we may assume that 3 has the maximal property 


with respect to some algebra, 9, containing it, provided that the B in question 


? 


lies in 9m. If %M is a factor, then with the notation of Lemma 2.3.2, we 


may state: 


Lema 2.3.3. If E and F are projections in 3& invariant under 4, 
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then one of E, F contains the other (i.e. the invariant projections in 3 are 


totally ordered). 


Proof. From invariance of # under J, and, in particular, 7, we have 
EFE =FE; whence, taking adjoints, FE = HF. Both F—EF and EH—EF 
are non-zero unless one of EL, F contains the other. If both are non-zero, there 
is a non-zero partial isometry, V, in 9% with initial space in F—EHF and 
final space in H—EHF. Thus V=EV(F—EF), with EF invariant under d 
and orthogonal to FEF. It follows, from the preceding lemma, that V 
lies in 3. However, V maps a part of F in F— EF into HE — EF, orthogonal 
to F, contradicting the invariance of F under 3d. Thus, one of LF, F contains 
the other. 

Note that if @ is generated by its invariant projections, the first state- 
ment of the foregoing proof shows that ( is abelian. 


Lemma 2.3.4. If J is a maximal triangular algebra in a factor MN 
with diagonal @ and core 6, then h(G) —G is the hull immediately pre- 
ceding h(G) in J if G is a minimal projection in @. If E isa hull in J 
| which has a hull, F, immediately preceding it, then E—F is a minimal 
| projection in 6. 


Proof. If N is a hull in J not containing G, then N=h(G@), from 
Lemma 2.3.3, and GN =0, from minimality of G; so that N=h(G) —G. 
The union, F’, of all such hulls, NV, is clearly a hull, F=A(G) —G, and F 
| isa hull immediately preceding h(G). If we have proved the last statement 
| of this lemma, then h(G) —F is a minimal projection in @ containing G, 
from which F =h(G) —G, and h(G) —G isa hull. It remains to establish 
} the last assertion of this lemma. 

If M is a non-zero proper subprojection of H—F in @ and 
V=H—F—VM, we can find a partial isometry, V, with initial space a 
| non-zero subprojection of M and final space in N. If P is a hull of J 
containing #, then V and V* leave P invariant. If P does not contain F, 
; thn P< F; so that V and V* annihilate P. Thus V commutes with each 
F hull of J and hence with @. However, V does not commute with M and M 
| Was chosen in @. Thus E—F is minimal in @. 


2.4. Other directions. The method by which we established the exis- 


| tence of maximal triangular algebras (a Zorn’s Lemma construction) would 
veld, as well, the existence of an algebra, J, maximal with respect to the 
| Property that J*M J is a given self-adjoint algebra, @. More particularly, 
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we may choose ( to be abelian or to be a von Neumann algebra—the case 
where @ is maximal abelian is that of the maximal triangular algebras. (Al 
this may be done in a given set of operators, e.g. a factor.) Without specifying 
CZ, we can construct an algebra, J, maximal with respect to the property that 
J*A J is abelian—and containing a given such algebra, Jo. In fact, take 
J as the union of a maximal family of such algebras containing J, and 
totally ordered by inclusion. Clearly, J is an algebra and J* J is generated 
by its self-adjoint elements. If A, and A, are self-adjoint operators in J, 
then A,€ Ji, A2€ F2, where J, and J, are in the maximal family of which 
J is the union. Say, J,C 7:2, so that A, and A, lie in the abelian algebra. 
Thus J isabelian. Of course J, so that 
the abelian intersection with which we start may expand as we pass to the 
maximal algebra, J. Indeed, it would appear possible that all such maximal 
algebras are maximal triangular (i.e. J* J is maximal abelian). We shall 
note that this need not be the case—even in finite dimensions. Before doing 
this, however, we wish to point out the importance of these considerations 
for certain critical questions in the theory of triangular operator algebras. 

The question of whether or not a bounded operator on a separable Hilbert 
space has proper invariant subspaces may be strengthened and weakened in 
various ways. Ina stronger form, one might ask not just for proper invariant 
subspaces, but for a “thick” family of such subspaces. A sense in which 
we can make this precise is to require that there be a resolution of the identity 
consisting of invariant subspaces, and more hopefully, a resolution with simple 
spectrum. Phrased in the language of our theory, we may ask: 


Question 2.4.1. Is each bounded operator contained in some hyper- 
reducible maximal triangular algebra (core = diagonal—cf. Definition 3.0)‘ 


This would provide a “triangular form” for bounded operators. We are 
inclined to feel that there is little hope that this question has an affirmative 
answer. It raises, in a natural way, the following question: 


Question 2.4.2. Is each bounded operator contained in some maximal 
triangular algebra? 


This is a much broader question, allowing, as it does, the possibility that 
the operator falls in an irreducible maximal triangular algebra. From this 
we would not conclude the existence of a single proper invariant subspace, 
although in the general sense of our theory, we would have the operator i 
“triangular form” and might gain knowledge about it from an analysis of the 


maximal triangular algebra in question. (The ostensibly weaker demand that 
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the operator lie in some triangular algebra is not really weaker, since each 
such algebra is contained in one which is maximal.) Suppose that B is a 
bounded operator and J, the (commutative) algebra generated by B and I 
(we may use any of the standard closures of J,). Of course, Fo*N Jy is 
abelian, so that J, is contained in an algebra, J, maximal with respect to 
the property that J*M J is abelian. The example which follows shows that 
5*O J need not be maximal abelian. 


Example 2.4.3. Let J1 be the algebra of all 3 X 3 matrices, (ai), with 
ls) = A32 = O13 = Aoz3 = 0, and let H be the positive square root of 


For J we choose HJ,H-. A computation shows that with A in J,, HAH* 
| is self-adjoint if and only if the matrix, (ai), for A, has ayj—0, 1 j, and 
= 3. Thus the self-adjoint operators in J are the image under an auto- 
| morphism on 3 X38 matrices of a 2-dimensional abelian set; and J*N 7 
is not maximal abelian though abelian. It remains to show that J is 
' maximal with respect to the property of having an abelian intersection with 
| its adjoint. We do this with a dimension argument. Suppose that 3 is a 
subalgebra of the 3X 3 matrices which has dimension n. Let 3 U 3* be 


the linear space spanned by 3 and 3*. Then 
2n = dim(3*N 3) + dim(d*U 3) Sdim(d*N 3) 4+ 9. 


| Since 3*M SB is self-adjoint, it has dimension 3 or less if it is abelian; so 
| that d has dimension 6 or less. The algebra generated by J, and an operator 
not in it is easily seen to be at least 7 dimensional, whence the same is true 
lor the automorph, J, of J;. Thus, no algebra containing J properly can 
| have an abelian intersection with its adjoint. 

| Presumably, another computation would yield an example of an algebra 
, with the maximal property having the scalars as intersection with its adjoint. 
| With the aid of the example just constructed, we can produce an example in 
| which the disparity betwen the dimension of the abelian intersection and that 
| of the algebra is greater. In fact, let J, be the algebra of m Xm matrices 
(corresponding to bounded operators, when m co) whose entries are 3 X 3 
matrices having each 3 X 3 entry below the diagonal the zero matrix and 
| cach 3X3 entry on the diagonal some matrix in J. Each self-adjoint 
operator in Jo has non-zero entries only on the diagonal and these some 
| self-adjoint element of J. Thus J,*A J, is abelian and 2m-dimensional. 
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With m finite, maximal abelian algebras have dimension 3m and J, has 
dimension 5m+$m(m—1). That J, is maximal with respect to the 
property of having an abelian intersection with its adjoint is immediate from 
the corresponding fact for J and the fact that arbitrary entries appear above 
the diagonal. 

A possible way of relating a given bounded operator to a maximal tri- 
angular algebra would be to replace the “part of the operator below the 
diagonal” by zero. Caution must be exercised with this process in infinite 
dimensions. Even in the classical case of the maximal triangular algebra 
arising from an orthonormal basis, -, 22,21, *, the “super- 
diagonal” part of the operator may not be bounded. We may view this 
situation in terms of the group, &, of integers and L.(&), relative to the 
disecrete measure on & (Haar-Lebesgue measure). The Fourier-Plancherel 
transform establishes a unitary equivalence of L.(&) with L.(C), where ( 
is the circle group, which carries the maximal abelian algebra consisting of 
bounded Z, convolution operators on L,(&) onto the multiplication algebra 
of Z.(C). If 2, is the function which is 1 at n and zero elsewhere on &, then 
the m,n-th entry of the matrix corresponding to convolution by f, relative to 
the basis for L.(&), is f(m—n), for (f*2n, = (f#2n)(m) = f(m —n). 
If fy is 0 at positive integers and equal to f elsewhere on &, then the matrix 
for convolution by f, has as m,n-th entry (relative to {an}) fo(m—n), ive. 
its matrix is the “super-diagonal part” of the matrix for f (when n = m the 
entry is f(m—vn), otherwise it is 0). However, while convolution by f may 
be a bounded operator, i.e. have Fourier-Plancherel transform a bounded 
measurable function on C, the transform of fy, may be unbounded. 

In general, then, we must not expect an operator, A, to have a decom- 
position, A, + A», with A, in J and A, in J*, where J is a given maximal 
triangular algebra. If such a decomposition exists, however, it is clearly 
unique up to an additive factor from the diagonal of J. 

In the chapter which follows, we shall give a reasonably detailed descrip- 
tion of the most accessible class of maximal triangular algebras. This 
description will include an effective test of maximality. When we leave this 
class, no such test is known to us; and we may ask: 


Question 2.4.4. Is there an easily applicable test for the maximality 
of a triangular algebra? 


We have in mind some test such as that afforded by the Double Commu- 
tant Theorem in the theory of von Neumann algebras for the property of 
being strongly closed. 
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Theorem 2.2.1 and the example which follows it make use of Zorn’s 
Lemma so that we do not have an explicit description of the operators in the 
irreducible maximal triangular algebra which results. 


Question 2.4.5. Is there an explicit construction of an irreducible 


maximal triangular algebra? 


Questions 2.4.4 and 2.4.5 are admittedly vague though, nonetheless, 
important for this theory. The following very definite question is perhaps 
the most provoking sample from a long list of questions one could ask about 


the irreducible triangular algebras. 


Question 2.4.6. Are there two (or more) irreducible maximal tri- 
angular algebras on separable Hilbert space which are not algebraically 


isomorphic ? 


Chapter III. Hyperreducible Algebras. 


DEFINITION 3.0. A triangular algebra whose hulls generate the diagonal 
is said to be hyperreducible. 


Note that each hull of a triangular algebra is a reducing subspace—the 
hyperreducible case is the one with the greatest possible reduction. Hyper- 
reducible algebras are those for which the core is equal to the diagonal. We 
have noted (cf. Remark 2.1.5) that the core plays the réle of the center, so 
that the hyperreducible algebras in the theory of triangular operator algebras 
would correspond to the abelian algebras of the self-adjoint theory. Through 
this analogy, we would expect the hyperreducible algebras to be the most 
tractable of the triangular algebras, and this is the case—though their theory 
isnot nearly as complete at this time as the abelian self-adjoint theory. 


3.1. The general structure. The following result gives, in very broad 
| terms, the general structure of the maximal hyperreducible algebras. 


| THEOREM 3.1.1. If {Eq} is a totally-ordered family of projections which 

generates the maaimal abelian algebra, A; then J, the set of all bounded 
operators which leave each Ey invariant is a maximal triangular algebra, with 
core and diagonal If {Eq} is closed under unions and intersections then 
itis the set of hulls of F. Each hyperreducible maximal triangular algebra 
arses in this way. 


| Proof. That J is an algebra is clear. If A is a self-adjoint operator 
in J, then, since AF, = = = we conclude that A 
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commutes with and hence lies in @, so that J is triangular with diagonal 
(and core, by hypothesis) equal to @. 

Choose a maximal triangular algebra, Jo, containing J, and let B be 
an operator in Jy. For each operator, T, EoT(I— Eq) lies in J. Indeed, 
with E,< Ee, 


0 = (I — Ea) Eg = EgkoT (I — Ea) Es, 
while, with Eg = Ea, 
(I — Fa) Eg = Egk oT (I — Ea) Eg. 


In particular, HaB*(I— Ea) lies in J (hence in J_). It follows that the 
self-adjoint operator, 


(I — Ea) + (I — Ea) BEa, 
lies in J, and, so, in @. Commutativity with Ha then gives 
(I — Ez) = (I — Ea) BEa, 


from which, by multiplying both sides by (I—Fa), we conclude that 
(I—Ea)BE,=0. Thus B leaves each FH invariant, B lies in J, J =J,, 
and J is a maximal triangular algebra. 

On the other hand, if J is maximal triangular and hyperreducible with 
hulls {Ha} and diagonal @, then {£.} generates the maximal abelian algebra, 
C, and is totally ordered. Thus, Fo, the set of operators leaving each Ly 
invariant, is maximal triangular and contains J. By maximality of 7, we 
have, J = Jo. 

If {£} is closed under union and intersection of its members, and I is 
a hull for J, then E, the union of, and LZ, the intersection of all Eg contained 
in and containing FH, respectively, lie in {Ha}. If << < then, as in 
Lemma 2.3.4, a partial isometry with initial space in # — H, and range iu 
E,— FE commutes with each hence with @, but does not leave 
invariant. Thus £ is one of Eo, E,, and E lies in {Ea}. The hulls of J 
are precisely the Hg, in this case. 


3.2. Triangular algebras with totally-atomic diagonals. Throughout 
this section, we shall be discussing the maximal triangular algebra, J, over 
a maximal abelian algebra @ which is generated by its minimal projections. 
In this case, the structure of J can be completely described. The mail 
result is contained in: 


THEOREM 3.2.1. If J is a mazimal triangular algebra with diagonal 
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Q which is generated by its minimal projections, then J is hyperreducible. 
The total ordering of the hulls induces a total ordering on the minimal pro- 
jections, {Za}, of A by means of the mapping from projections to their hulls 
(which is one-one on the minimal projections) ; two such triangular algebras 
are unitarily equivalent if and only if their sets of minimal projections are 
order isomorphic. Corresponding to each total-ordering type there ts a 
mazimal triangular algebra with a totally-atomic diagonal whose set of 
minimal projections has this order type. 


Proof. Since h(Ee) = [J Ea], Egh(Ea) ~0 if and only if [EgJ La] £0, 
i.e. Ea 0, for some T in J. If, in addition, 40, then 
#0, for some 7’ in J. Now #,T*Eg is a scalar multiple of HaT’Eg, since 
Bq and Eg are one dimensional, so that HaT*Eg-+ EsTEq lies in G, and 
commutes with Thus =0, and 
h(Eg) Sh(Fa) Sinceh(Haw) —EHa= > Ep, h( La) V h(Eg). 
Hence h(£a) — Fa is a hull, so that Ha(—=h(Ha) — [h(EHa) lies in 
' the core of J. Since @ is generated by {Ha}, FJ is hyperreducible. If 
h(Ea) =h(Eg), then —EHa=h(Eg) —Eg; and Ha—Eg. In fact, 
| from Lemma 2.3.4, h(Ha) —Ho and h(Hg) — eg are the hulls immediately 
| preceding h(H a) and h(Hg), respectively. Thus the total ordering of the 
hulls induces a total ordering, <<, of {Ha} by means of the one-one mapping, 
| h(Ey)—> Ha. Since each projection in @ is the sum of the minimal pro- 
| jections it contains, and Eg<<Eq (i.e. h(Eg) Sh(Ea)) if and only if 


| EsSh(E£a); we have, h(Ha)= Ez. 
Ep<<E, 
If J, ond J, are maximal triangular algebras with diagonals @, and @, 


| which are generated by their sets {Za}, {Fa} of minimal projections, acting 
on the Hilbert spaces 9, and H., respectively, and the mapping La—> Fa is 
| an order isomorphism of {Hq} onto {Fa} relative to the <¢ ordering on these 
sets; then the unitary transformation, U, defined by mapping a unit vector 
| in the range of He onto a unit vector in the range of Fy, is such that 
| and UE.U-* = Fy. We shall show that UJ,U-+= J. Indeed, 
| from the description of J, and J, as the algebras of all operators on #, 
| and &,, respectively, which leave the hulls in J, and J, invariant, it suffices 
| toshow that UZU- is a hull in J, if EF is a hull in J, (by symmetry, then, 
F is a hull in J, if UFU- is a hull in J,). Now Uh(Ea)U*=—h(Fe), 
since h(Ha) = S Eg, h(Fa)= Fe, and Ea if and only if 
Fa<<F 


8 a 

UEgU+ Fa =UE.U-. If E is a hull in J,, then E= V h(Ea), 

whence — V Uh(Ea)U*= V_ h(Fa); and isa hull 


UE,U“SUEU~ F,SUEU~ 
g,. 
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Let {a} be a set having a given total-order type, 9 a Hilbert space having 
dimension the cardinality of {«}, and let {Ha} be a maximal orthogonal family 
of one-dimensional projections on # indexed by {a} and totally ordered by 
the relation, <<, induced by this indexing. If @ is the maximal abelian 
algebra generated by and is a projection in define h(E) to be 
V Eg << Eq for some F}. Note that the set of involved in the 
defining sum for h(£) 1s an initial segment of {a}. Since initial segments 
of a totally-ordered set form a totally-ordered set, the projections in {h(E): 
E a projection in @} form a totally-ordered set. The definition implies that 
h(£a) Eg; whence h(£a) —Ea). Thus, each Ez lies 

a 


in the algebra generated by {h(H#)}, and this algebra is, therefore, @. From 

Theorem 3.1.1, the set of operators, J, leaving each h(£) invariant is maximal, 

hyperreducible. Moreover, the equality, h(#a) = > Eg, establishes the fact 
B<<a 


that h is an order isomorphism of {H£,} with {h(£a)}; and the proof is 


complete. 


3.2.2. If anc are maximal triangular algebras with 
totally-atomic diagonals and y 1s an order tsomorphism between their sets 
of hulls, then g can be implemented by a unitary transformation which carries 


J, onto Fz. 


Proof. By virtue of Theorem 3.2.1, it will suffice to show that ¢ induces 
an order isomorphism between the sets of minimal projections. We recall 
that the mapping from minimal projections to their hulls is an order iso- 
morphism between the minimal projections and their hulls. It remains to 
note that ¢ carries the hull, h(G@), of a minimal projection, G, in J, onto 
such a hull in J,. Now g(h(G) —@) is a hull in J, immediately preceding 
g(h(G@)); whence g(h(G)) is the hull of a minimal projection J, (cf. 
Lemma 2.3.4). 


THEOREM 3.2.3. If J, and J, are maximal triangular algebras with 
totally-atomic diagonals, @, and (2, acting on Hilbert spaces, H, and H,, 
respectively, and g is an isomorphism of J, onto J. carrying Q, onto (:, 
then g ts implemented by a bicontinuous linear isomorphism of H, onto H:. 
In particular, if Ji =F, and ¢ is the identity transform on Q,, then the 
implementing transformation lies in Q,. 


Proof. Since g(@,) = Qz, y carries the set of minimal projections, {Zc}; 
of @, onto that of @2. Moreover, since a projection, F, is invariant under 7 
if and only if TE = ETE, ¢ preserves hulls. Now Fa<<¢ Eq if and only if 


TRIANGULAR OPERATOR ALGEBRAS. 243 


h(Ea) ; whence So(h(Ea)) =h(y(Ea)), and << 9(Ea’). 
Applying these considerations to yg“, we conclude that g induces an order 
isomorphism of the minimal projections in J, onto those of J2; so that 
there is a unitary transformation of #, onto #, carrying J, onto J, and 
implementing g on {Ha} (hence on @,). Composing the inverse of this 
unitarily induced mapping with y, we see that it suffices to consider the 
case where g is an automorphism of J, which is the identity transform on (,. 
Since Hy is one-dimensional if Ey << Ea, 


Ha) = Ba Ho, where doe 
is some non-zero scalar (independent of T). If Ha << Ew, then 


= 9(HaT’ Ea) Ha T Ea) = dea Ea T 


whence = Aaa. Clearly dea ==1, for all Fix ¢”, and define ba 
to be daa? (OF daa if Let B= We assert that B is an 
Qa 


invertible operator in @,. To establish this, we need show only that {| @a« |} 
is bounded above, for applying this result to y+, we conclude that {| dea |-*} 
is bounded above ; whence {| ba|} and {|ba*|} are bounded above. If {| dae |} 
is not bounded above, then for each positive integer, n, there exist a, and ap’, 
with a’ << such that | da,e, | Now > (1/n?)T, converges uniformly 


to an operator, 7’, in J,, where T,, is a partial isometry (in J,) with initial 
space Ha, and range Ha,. But 
| || | Baye Lay || = |] Tr || =n, 
whence y(7') is not bounded, a contradiction. Thus {| daa«|} is bounded. 
With T in 
Ew (BT Ea = B(EwTEa)B* = baba Ea T Ea 
= dea’ Ba = TEx = Lu T Ea) = Bay(T) Ea. 


It follows that BTB-1==(T), and the proof is complete. 


An orthonormal basis for a Hilbert space determines and is determined 
by the maximal abelian algebra of bounded operators with this basis as eigen- 
vectors (the diagonal matrices relative to this basis). It is natural and 
customary therefore, to think of the arbitrary maximal abelian algebra as a 
generalized basis. In the same way, an ordered basis for the Hilbert space 
corresponds to the maximal triangular, hyperreducible algebra with diagonal 
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the maximal abelian algebra of this basis and atoms ordered by the basis. For 
this reason, we may think of the general maximal triangular, hyperreducible 
algebra as a generalized ordered basis, and we shall often refer to such an 
algebra as an “ ordered basis.” When the diagonal is totally atomic, we shall 
speak of a “discrete, ordered basis”; and when the atoms are ordered as the 
integers (positive, negative, or positive and negative), we shall speak of an 
“integer-ordered basis.” The atoms of an integer-ordered basis correspond to 
those infinite, totally-ordered sets between each pair of elements of which, 
there are a finite number of elements. 


3.3. Non-atomic hyperreducible algebras. In this section, we consider 
hyperreducible, maximal triangular algebras (on separable spaces) whose 
diagonals are non-atomic. We shall see that, unlike the totally-atomic case, 
all such algebras are unitarily equivalent and a fortiort isomorphic (cf. 
Theorem 3.3.1), but that not each order isomorphism between the hulls can 
be implemented by a unitary transformation. 


THEOREM 3.3.1. If J is a hyperreducible, mazimal triangular algebra 
with non-atomic diagonal, A, acting on a separable Hilbert space, then J is 
unitarily equivalent to Jo, the algebra of all bounded operators on L,(0,1) 
(Lebesgue measure) leaving each F, invariant, where F) ts the projection due 
to multiplication by the characteristic function, X,, of [0,A]. 


Proof. Since @ is abelian on a separable space, there is a unit vector, 
x, which is separating for @. The hulls being totally ordered and z separating, 
w, takes distinct values on distinct hulls so that we can index each hull, L, 
with w,(#). Let {#} be these hulls so indexed. Note that FE, —0, H,=1, 


and for each p» in [0,1], there is an HZ, with A EF. —F,—V E,. In fact, 


if this were not so, V EH, would be the hull immediately preceding (A fy 


which would, according to Lemma 2.3.4, be the hull of a minimal projection. 
Thus {£}} is a resolution of the identity, say A= frAdH,. Let C, be the 
multiplication algebra of Z,(0,1) (Lebesgue measure), and let y(f(A)) be 
T;, the operator due to multiplication by f, a bounded measurable function on 
[0,1]. Because of the properties of {£,}, 9 is an isomorphism of @ with d,. 
The mapping f(A)z-—>f is isometric; for 


= fg = fg (A)f(A)da 
(f, 9); 


and therefore has a unitary extension, U, which is easily seen to implement ¢. 
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Now X,(4) =F), whence g(#,) =Tx,=—F). From Theorem 3.1.1, J is 
describable as the algebra of all bounded operators which leave each EF) 
invariant, so that U carries J onto Fo. 

If f is an order isomorphism of [0,1] onto [0,1] the mapping E, > Ey.) 
will be an order isomorphism of the hulls of J onto itself (using the notation 
of the preceding theorem). We may ask ourselves if this mapping can be 
implemented by a unitary transformation of J onto J. The corresponding 
question in the totally-atomic case had an affirmative answer. In the present 
case, the answer is in the negative. An indication of why this is so will serve 
as a good introduction to the methods of the following section. Such a 
unitary transformation must carry fAdE, onto frAdE yn) (= 
We note that, under the hypothesis, f will be a homeomorphism of [0,1] 
onto itself (the image of an interval is an interval). Thus, the C*-algebras 
generated by both fAdH and ff*(A)d£) correspond to the algebra of multi- 
plications by continuous functions on [0,1], both have simple spectrum [0, 1], 
and the spectral null sets in both cases are given by the constant function, 1. 
In the first case, these are the null sets of the integration process, g—> {-g(A) da, 
and in the second, those of g—> fg(f*(A))da. The first, then, are the Borel 
subsets of [0,1] of Lebesgue measure 0, and the second are the images under 
f of these. Our task, then, is to construct an f which does not preserve the 
Borel sets of measure 0. Such functions are described in the literature (cf., 
(3, p. 83]). For example, let f be defined by f(A) = (A+ 9(A))/2, where g 
is the Cantor function. 


3.4. The general diagonal. We consider, now, the case where the 
diagonal is not assumed pure in the sense of total atomicity or non-atomicity. 
Experience with the self-adjoint theory conditions us to expect that the general 
case is a simple matter of separating the diagonal into its totally-atomic and 
non-atomic parts. This is not so in the present theory, as will be evident 
from the results of this section. The order, which is a primary constituent 
of this investigation, places the atoms throughout the continuous portion of 
the diagonal in a manner which does not permit a separation consistent with 
this theory. 


DEFINITION 3.4.1. The “hull class,” h(F), of an ordered basis, J, 
on a separable space with hulls, {Za}, and diagonal, C, is the class {{(Eaz, x)}: 
ra separating vector for A} of subsets of [0,1]. 


Remark 3.4.2. The mapping 7, taking Ha onto (Egr,z) is an order 
isomorphism since {£q} is totally ordered and z is a separating vector for C. 
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The greatest lower bound, Ea,, of a subset of {#.} is its intersection and a 
strong limit point of it; whence 7(Ha,) is a lower bound and a limit point 
of its image under y. Thus 7(Ka,) is the greatest lower bound of this image. 
It follows that the greatest lower bound (and likewise the least upper bound) 
of each subset of {(Haz,x)} lies in it, whence {(Hax,xz)} is closed. Each 
member of the hull class is a closed subset of [0,1] containing 0 and 1. 


Remark 3.4.3. With X in h(J) and X’ the complement of Y in [0,1], 
X’ is open and thus, the sum of a countable family, [,,I.,- + +, of disjoint 
open intervals. The left and right hand endpoints, J, and 1r;, respectively, 
of I;, lie in X (we refer to the set of these endpoints as “the edge of YX,” 
to the J, as “the left edge,” and to the r, as “the right edge”); and /, 
corresponds to the hull immediately preceding the hull which corresponds 
to r;. Thus 7; corresponds to the hull of a minimal projection in @ (cf. 
Lemma 2.3.4). Conversely, if G@ is a minimal projection in Q, then 
h(G) —G is the hull immediately preceding h(G), so that the (non-empty) 
interval (n(h(G) —G),n(h(G@))) is some I;. There is a one-one corres- 
pondence effected by » between the hulls of minimal projections in @ and the 
right edge points of Y. 


THeorEeM 3.4.4. Two separable ordered bases, J, and J», are unitarily 


equivalent if h(F1)Nh(F2) Ae and only if h(F,) 


Proof. A unitary equivalence between J, and J, preserves diagonals, 
hulls, and the separating vectors for the diagonals; whence h(J,) =h(J,). 

Suppose, now, that z and y are separating vectors for the diagonals of J, 
and J, which give rise to the same set, X, in both h(J,) and h(J,.). Let 
us index the hulls of J, and J, by points of XY in such a way that (L\r,2) =) 
= (Fyy,y). for each of the hulls #, and F, in J, and J», respectively. The 
sets @, and of linear combinations of {£} and {Ff}, respectively, are self- 
adjoint algebras which are weakly dense in the diagonals of J, and J: 
respectively, so that =, and [Q.y] =. (with 9, and &, the 


Hilbert spaces upon which J, and J, act). The mapping taking ( > af),)2 


n 
onto (> aF,,)y is isometric, for 
i=1 


Il ( [P= ( & 2) 
i= i,j=1 


i,j=1 


TRIANGULAR OPERATOR ALGEBRAS. 


Thus, this mapping has a unitary extension, U. Note that, 


«uF y,)y) = VE\(S c= U (> 


whence UF,\U-* = F), and U effects a unitary equivalence between J, and J, 
(cf. Theorem 3.1.1). 

The concept of an orientation-preserving homeomorphism which carries 
the null sets of Lebesgue measure onto these null sets of the image will play 
an important role in our work. We shall call such a mapping “a Lebesgue 
order isomorphism.” 


THEorEM 3.4.5. If X is a closed subset of [0,1] containing 0 and 1, 

X’ its complement in [0,1] with connected components I,,I2,° + -,p ts the 

Borel measure on [0,1] defined by p(S) =m(SNX)+ ¥ m(i), where r;, 


is the right endpoint of I, and m is Lebesgue measure on [0,1], @ is the 
multiplication algebra of L.([{0,1],u), J is the algebra of all bounded 
operators on Le([0,1],u) leaving each Ey and E). invariant, where Ey and 
Fy. are the projections due to multiplication by the characteristic functions 
of the half-open interval, [0,A), and the closed interval, [0,A], respectively, 
then J is an ordered basis with diagonal @ and hulls {E), Ey.}, and X€h(T). 


Proof. Each operator due to multiplication by the characteristic function 
of a closed or open interval, and hence, a Borel set, lies in the von Neumann 
algebra generated by Zy.}; whence this algebra is @. Of course, {£), 
is a totally-ordered family of projections, and from Theorem 3.1.1, J is an 
ordered basis with diagonal @. Let ¥ be a subset of {F), F).}, E its inter- 
section, and y the right endpoint of the interval which is the intersection of 
the intervals corresponding to the projections of ¥. Clearly Hy= FH. Now 
E corresponds to multiplication by the characteristic function of some p- 
measurable subset, S, of [0,1]. If A> y, there is a A’, with Hy or Ey. in F, 
such that y S <A; whence Fy. S EF). Thus, p({r’: € > A}) = 0, 
and since this holds for each A> y, w({A: AE S,A>y}) —0. Hence HS E£,,., 
and H=#, or H,.. Similarly, the union of the projections in ¥ lies in 
{£}, Ey.}, and from Theorem 3. 1. 1, {F), Fy.} is the set of hulls of J. 

Observe that each 1; lies in XY, so that if SM XY —¢ then p(S) —0. Note 
also that ~([0,Ao]) when Ao € X, for 

#([0,Ao]) = m([0,A] NX) + 


Tk=Ao 


= m([0,Ao] X) + m([0, Ao] — [0, Ao] NX) —Ao. 
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Moreover, »([0,A0)) = Ao or if do ¢ OF respectively. Now, if 
X, x) =p([0,A)) =»([0,A]) = 2), where x is the constant 
function 1 on [0,1]. If A, is the least upper bound of [0,A] N X, 


p-([0, A) ) = p([0, Ao] ) + (Ao, A) ) = p([0, ro] ) =A, €X. 


Thus X is the member of the hull class of J corresponding to the separating 
vector 

The ordered bases arising from the constructions of the foregoing theorem 
contain representatives from each unitary equivalence class of ordered bases, 
since each ordered basis is unitarily equivalent to the ones constructed on each 
of the sets in its hull class. We must still say, however, when two ordered 
bases arising from the construction of Theorem 3.4.5 are unitarily equivalent 
(and which closed sets appear in a given hull class). Theorem 3. 4.8 answers 
these questions. Several remarks will be of help. 


Remark 3.4.6. If X and Y are closed subsets of [0,1] containing 0 
and 1, and f is an order isomorphism of X onto Y then f has an order- 
isomorphic extension mapping [0,1] onto itself. In particular, the extension 
is a homeomorphism, and f is continuous on X. In fact, the right and left 
edgepoints of X are characterized as those points of X having an immediate 
predecessor and successor in X, respectively. Thus f maps such edgepoints 
onto the corresponding edgepoints for Y and can be extended linearly over the 
intervals of X’. It is routine to check that f, so extended, is an order iso- 
morphism of [0,1] onto itself. 


Remark 3.4.%. With X, Y, and f, as above, construct » and v, measures 
on X and Y, respectively, as in Theorem 3.4.5. (We shall refer to » and the 
ordered basis of Theorem 3.4.5 as “the canonical measure and ordered basis 
for X.”) Denoting by f, again, the order-isomorphic extension of f constructed 
above, f is a Lebesgue order isomorphism on [0,1] if and only if it is on J, 
if and only if f carries the null sets of » onto those of y. In fact, since f is 
linear on each of the countable number of connected components of X’, it is 
a Lebesgue order isomorphism on each of these; so that f is a Lebesgue order 
isomorphism on [0,1], if and only if it is on X. Now, the » and v null sets 
in X can be described as those subsets containing no right edgepoints and 
whose Lebesgue measure is zero, so that f is a Lebesgue order isomorphism 
on X if and only if f carries »-null sets onto v-null sets. 


THEOREM 3.4.8. The canonical ordered bases J, and J. for the sets 
X and Y, respectively, are unitarily equivalent if and only if X and Y ar 
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Lebesgue order isomorphic. The hull class of an ordered basis consists of 
the images of any one of its members under Lebesgue order isomorphisms 
of [0,1] onto stself. 


Proof. The hulls of J, and J, are {H£)} and {F}, respectively, where 
B, and Fy are multiplication by the characteristic functions of [0,A]N X 
and [0,A] OY with A in X and dj in Y, respectively. Let f be an order 
isomorphism of XY and Y, and define y by: 9(H,) —Fy). The diagonals 
and of J, and Jz, respectively, contain strongly dense C'*-subalgebras 
Y, and Y%,, respectively, consisting of multiplications by continuous functions 
on X and Y, respectively. Let 7, be the operator in %, corresponding to 
multiplication by g, and define g(7',) to be T,.;-1, the operator in 2%, corres- 
ponding to multiplication by gof*. If yg on {£,} can be implemented by a 
unitary transformation, the unitary equivalence induced on (,, when restricted 
to f,, is the mapping, g, just defined; for 7, is approximable to within « in 
bound by some finite linear combinations of the F,’s, and the unitary equiv- 
alence transforms this linear combination (as y) into one in the F'’s approxi- 
mating 7',.;-2 to within e in bound. On the other hand, a unitary trans- 
formation which implements gy on %, carries Hy onto Fy); for Ey is the 
| greatest lower bound in @, of the multiplications corresponding to continuous 
functions which are 1 on [0,A] MX and lie between 0 and 1 on X —[0,A], 
and y on %, transforms this set onto the corresponding set for Fy,,). Thus, 
g on {£} is implemented by a unitary transformation if and only if ¢ on 
Y, is; and this last obtains, if and only if the two representations, y, and yo, 
of C(X) defined by: ¥i(g) ve(g) are unitarily equivalent. 
Since the weak closures of 2, and %, are maximal abelian, y can be unitarily 
implemented if and only if yg has an isomorphic extension to these weak 
closures, and this occurs if and only if y, and wy. have the same null sets 
(cf. [4, Corollary 2.3.1], for example). The constant function, 1, is a 
separating vector for @, and (2, whence the null sets are easily computed 
as the w-null sets in XY for y, and f* of the y-null sets in Y for 2. By 
symmetry, we conclude that y on {FH} is implemented by a unitary trans- 
formation if and only if f carries the p-null sets onto the y-null sets. 


Suppose now that J is an ordered basis with hulls {£a}, diagonal @, 
and # is a separating vector for @. Let X be {(Eaz,x)}, so that XEh(TZ) ; 
and let J, be the canonical ordered basis for XY. From Theorem 3.4.5, 
Y€h(I1); whence J, and J are unitarily equivalent, by Theorem 3. 4. 4. 
lf Y is a closed subset of [0,1] containing 0 and 1, and J, is the canonical 
ordered basis for Y, then J, is unitarily equivalent to J§ if and only if J, 
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is unitarily equivalent to J,—which occurs if and only if there is a Lebesgue 
order isomorphism of X onto Y. On the other hand, J, is unitarily equiy. 
alent to J if and only if Y is in the hull class of J. Thus, h(J) consists of 
the images of X under Lebesgue order isomorphisms of [0,1] onto itself. 


3.5. Special cases and examples. While the preceding section gives a 
fairly complete account from the general viewpoint, there is still much to be 
done regarding special cases. By virtue of the results of that section, the 
remaining problem can be recast as that of finding detailed information 
concerning special hull classes. We have not ruled out the possibility that 
“order isomorphism” will suffice in place of “Lebesgue order isomorphism” 
for the classification of hull classes. (We shall do so in this section.) The 
example of § 3.3 shows us that an order isomorphism need not be Lebesgue, 
but it is conceivable that its existence guarantees the existence of one which 
is Lebesgue. In fact, Theorem 3. 2.1 shows that this is so in the totally-atomic 
case (in this instance, the order isomorphism itself is Lebesgue). In addition, 
the hull class of a non-atomic ordered basis consists of [0,1], whence am order 
isomorphism guarantees the existence of one which is Lebesgue (e.g., the 
identity mapping), if one of the ordered bases is assumed non-atomic. Even 
after we have noted that this phenomenon does not hold in general, we may 
still inquire into the classification of hull classes by means of “ order iso- 
morphism” and special properties of sets—e.g. an order isomorphism class 
of measure 0 sets may form a total hull class (cf. Remark 3.5.9). 

We begin with the description of a construction closely akin to the 
construction of the canonical measure for X. 


Lemma 3.5.1. If X is a closed subset of [0,1] containing 0 and |, 
I,,I2,- +, the distinct connected components of [0,1]-—X, rx and I, are 
the right and left endpoints of I;,, respectively, then the mapping @ of X 
into [0,1] defined by: 

6(a) =a— 


is continuous, order preserving, and identifies a and b if and only {f 
m([a,b] NX) =0. The image, Z, of 6 is a closed interval. 
Proof. Clearly, | 6(a) —6(b)| = |a—b|, so that 6 is continuous and 
Z is compact. Ifa and are in anda<7,Sb, then [a,b] contains 
so that 


6(b) —6(a) =b—a— =m([{a,b] NX). 


Thus, 6(a) =6(b), and 6(a) =6(b) if and only if m([a,b] NX) =0. 
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Let a’ be sup{a: a€ X and 6(a) Sc}, and be inf{b: b€ X ard cS 6(b)}. 
since X is closed, a’ and 6’ lie in X; and since @ is continuous, 0(a’) Sc 
<4(b’). However, [a’,6’] NX contains just a’ and b’ and, so, has measure 0. 
Thus 0(a’) =6(b’) =c, and c€ Z. It follows that Z is a closed interval. 


The set, Z, consists of 0 alone if and only if 6(1) —0(0) —0—which 
occurs if and only if in ([0,1] NX) =m(X) —0, i.e, —1. If 
isan ordered basis with diagonal @, X in h(J) corresponding to the separating 
vector, 2, and is the minimal projection in @ with (h(E,)2z, v7) 
then 1, = x), so that m(I,) = 2), and x) 
= Dm(Ix) =1. This is equivalent to @ being totally atomic. 


LemMA 3.5.2. If X and Y are closed, measure-zero subsets of [0,1] 
with infima a and c and suprema b and d, respectively, and f 1s an order 
isomorphism of the right edgepoints of X in [a,b] onto those of Y in [c,d], 
there is a Lebesgue order-isomorphic extension of f mapping [a,b] onto 
[c,d] and carrying X onto Y. 


Proof. Clearly, it suffices to consider the case where a=c=—0O and 
b=d=1. Assuming this, let » and v be the canonical measures and J and 
3 the canonical ordered bases for X and Y, respectively. From the comment 
preceding this lemma, J and 3B have totally-atomic diagonals. From Remark 
3.4.3, the hulls of the minimal projections in J and ¢S are order isomorphic 
with the right edgepoints of XY and Y, respectively, and, so, to each other. 
According to Theorem 3.2.1, this isomorphism can be implemented by a 
witary transformation carrying J onto 3. This unitary transformation 
carries the hulls of J onto those of 3 order isomorphically. By means of 
the order isomorphisms of X with the hulls of F and Y with those of 3, we 
arrive at a Lebesgue order isomorphism (recall that 0—=m(X) =—m/(Y)) 
of XY onto Y extending f. Remarks 3.4.6, 3.4.7 imply the existence of the 
desired extension of f to [0,1]. 

If @ is not totally atomic, we may normalize @ by composing it with 
nultiplication by 1/m(Z)(=1/m(X)) to get a mapping of X onto [0,1] 
with the properties of 6 noted in Lemma 3.5.1. We denote this new mapping 
by @x (in the case where @ is not totally atomic). Writing p; for 6x(rx) 
and o(p,) for the order type of the set of right edgepoints of X in 6x*(p,) 


(so that o(px) is some denumerable total-order type), we shall say that X 


has a uniform edge of type r if each 0(p;,) 7+. The construct consisting of 
[0,1], the points p,, and their associated order types, will be called “a point 
ordered interval ” and the set of points {p;,} its “atoms.” 
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Lemma 3.5.3. If X and Y are closed subsets of [0,1] containing 0 
and 1, m(X) 404m(Y), f is a Lebesgue order isomorphism of X onto Y, 
and g is defined by g(p) =6y(f(0x7(p))), for each p in [0,1], then g isa 
Lebesgue order isomorphism of [0,1] onto ttself, {g(px)} are the atoms of 
the point ordered interval for Y, where {px} are those of the interval for X, 
and o(px) =0(g(px)). If a mapping such as g ts gwen, then there is a 
mapping, f, such that g(p) =6y(f(6x"(p))), for each p in [0,1], which is 
a Lebesgue order isomorphism of X onto Y. 


Proof. As defined, g is not obviously single-valued, since #x"*(p) may 
contain more than one point. However, if a and 6 are in @x*(p), then 
m([a,b] NX) =0, from Lemma 3.5.1; and 

=m([f(a), f(b) INY), 
since f is a Lebesgue order isomorphism, whence Oy(f(a)) = 6y(f(0)), again 
from Lemma 3.5.1. Thus g is single-valued. Since Oy, 0x, and f are order 
preserving, g is. With p, equal to 6x(r;,) and f(r;,) a right edgepoint of Y 
(since f is an order isomorphism), we have that g(px) is 6y(f(7x)), an atom 
of the point ordered interval for Y. 

In the proof of Lemma 3. 5. 1, we noted that 0(b) — 6(a) = m([a, b] N X), 
so that 6x(b) —@x(a) =m([a,b]NX)/m(X). Thus, m(6x*([p,q])) 
= (q—p)m(X), and m(6x7(S)) =m(S)m(X), for each open subset, 8. 
of [0,1]. By regularity of m, if m(S’) =0, then m(6@x-1(S’)) =0. On the 
other hand, from the fact that | éy(b) —@y(a)|=|b—a|/m(Y), we con- 
clude that if m(Y,) = 0, for a subset, Yo, of Y, then m(6y(Y,)) =0. Thus. 
if m(S) =0, for 8 a subset of [0,1], m(@x-2(S)) =0, m(f(6x7(S))) =0. 
and 0 =- m(@y(f(@x-*(S)))) =m(g(S)). 

Whiat we have proved for g holds as well for the mapping @xf-*6y~*, which 
is clearly g-'. It follows that g is a Lebesgue order isomorphism of [0,1] 
onto itself mapping atoms (for X) onto atoms (for Y). When we note that 
=f (px)) and f maps the right edgepoints of XY onto those 
of Y (order isomorphically), we see that the right edgepoints of 6y-*(g(px)) 
are order isomorphic to those of 6x-*(p;), whence 0( px.) =0(g(px) )- 

Suppose, now, that g is given with the properties described above. We 
show that there is a Lebesgue order isomorphism, f, of X onto Y such that 
g = Oyféx". We note first that if @x*(p) contains more than one point 
then p is an atom for X (i.e. p is some px). In fact, 0x?(p) = [a,b] N4, 
where « =inf{a’: a’€ 0x7(p)}, b—sup{b’: b’€ Ox*(p)}, a and b are 
6x-1(p), and m([a,b]N X) =0 (cf. Lemma 3.5.1). Thus, 

= =b—a¥0; 


Ik [a,b] 
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and in particular, there is some rz in [a,b]. Of course, Ox(rx) =p = pr. 
If p is not an atom for X, then by assumption, g(p) is not an atom for Y, 
whence 6x-*(p) and 6y%(g(p)) each consist of a single point. Define 
f(0x7(p)) to be 6y*(g(p)), for such points, p. By assumption on g, 
o(px) =0(9(px)), Which guarantees an order isomorphism of the right 
edgepoints of XY in onto those of Y in 6y*(g(px)). If Ox*(pe) 
= [a,b] NX and 6y*(g(px)) = [c,d] N Y, the right edgepoints of (px) 
in [a,b] and 6y*(g(px)) in [c,d] are those of X which lie in [a,b] and 
those of Y which lie in [c,d], respectively. This is clear with the possible 
exception of the points a and c. However, a cannot be a right edgepoint of X 
for then the corresponding left edgepoint would lie in 6x-*(p,) but not in 
(a,b]. Similarly, c is not a right edgepoint of Y. It follows from Lemma 
3.5.2 that there is a Lebesgue order isomorphism of [a,b] X onto [c,d]/N Y. 
We define f on [a,b] NX to be this isomorphism. Clearly, g = 6yf6x"; 
and f is an order isomorphism. If m(X,) —0 for a subset, Xo, of X, then 
m(@x(Xo)) =0 and m(@y*(g(0x(X_)))) =0, from the first part of this 
proof, since m(g(@x(Xo))) =0. Now f(X_) is contained in 6y-*(g(6x(Xo))) ; 
whence m(f(X_)) 0, and f is a Lebesgue order isomorphism. 

By virtue of the preceding lemma, the study of hull classes is equivalent 
to the study of denumerable subsets of [0,1] each point of which has a 
denumerable total-order type associated with it, under Lebesgue order iso- 
morphisms of [0,1] onto itself. The next lemma shows that all possibilities 
occur as point ordered intervals. 


LemMA 3.5.4. If {px} is a denumerable subset of [0,1] and {7} is a 
set of denumerable total-order types, then there is a closed subset of [0,1] 
containing 0 and 1 whose point ordered interval has {p,} as its atoms and 7, 
as the order type associated with px. 


Proof. We begin by showing that each non-zero interval contains a closed 
subset, with the interval endpoints as members, having measure 0, and whose 
right edgepoints have some preassigned denumerable order type, r. If r is 
the order type of a non-null finite set, this result is clear. We assume that r 
is the order type of some infinite (denumerable) set, {a;}j-1,2,--. We may 
assume, in addition, that the interval in question is [0,1] (translating and 
multiplying by a suitable scalar). For each positive integer, k, let b, be 
Le, where {a;,,} is the subset of {a;} consisting of points not exceeding ax; 


and let IZ, be the open interval of length 2-* with b, as right endpoint. If 
4<a, then b,—b;=2~*, by construction; whence J; and J; are disjoint. 
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Let X be the complement in [0,1] of the union of the intervals, /;,. Clearly, 
X is closed, contains 0 and 1, has {b;} as its set of right edgepoints, and has 


measure 0 (since > m(I;,) => 2*=—1). The comment establishing the dis- 
k=1 k=1 


jointness of I; and I,, when 74, also establishes the fact that the corres- 
pondence a;—> 6; is an order isomorphism of {a;} with {6;}. Thus, the right 
edgepoints of XY have order type +r. 

If {px} is a finite subset of [0,1], there is no difficulty in establishing 
the conclusion of this lemma (when the result just proved is employed). 
We assume that {p,} is an infinite set. Let c, be (2-) + p,/2, where 


{px,} is the subset of {p;} consisting of those numbers which do not exceed p,; 
and let J; be the closed interval of length 2-@*) with c;, as right endpoint 
(and d,;, as left endpoint). Let X;, be a closed, measure 0 subset of J; con- 
taining c, and d, and having right edgepoints in J; with 7, as order type. 
The complement, XY, of U (J,—X;) in [0,1] is a closed subset of [0,1] 


containing 0 and 1 (since neither of these points lies in J, —X;, k —1,: - ;). 
If p; < px, then ¢,— ¢; = 2-* + (p,— pj) /2, so that J;, and J; are disjoint. 
The components of the complement of X in [0,1] are, therefore, the aggregate 
of the components of the complement of each X;, in J;, so that the right 
edgepoints of X in [0,1] are those of each X; in Jy. (Note that d; is nota 
right edgepoint of XY, by disjointness of J; and J;, with jk.) Now, 


6(1) =1— 2-G+) — 1/2, so that 0x = 26; and 6x(c,) = 2(px/2) = py. Thus, 


j=l 
each p; is an atom for XY; and since m(X;,) —0, 0x(Xz) = px, so that {px} 
is the set of atoms for X. The right edgepoints of XY which @x maps onto p; 
are those of XY; in Jx, and therefore has 7; as order type; for any other right 
edgepoint of X lies in some X;, with 74k, and 6x(X;) —=pjA py. Thus ¥ 
has a point ordered interval with {p;} as its set of atoms, each p, associated 
with the denumerable, total-order type, 7,. 
The lemma which follows provides the key to the description of a special 
family of hull classes. 


Lemma 3.5.5. If R and S are dense denumerable subsets of [0,1] 
both containing 0 and 1, and m, M are numbers such that 0<m<1< VM, 
then there exists a homeomorphism, f, of [0,1] onto itself such that: 


(i) =0, f(1) =1; 
(ii) f maps R onto S; 
(iii) m(x—y) Sf(x) —f(y) M(«—y), for each x=y in [0,1]. 
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Proof. If we construct a mapping, g, of R onto S satisfying (i) and (iii) 
for points z, y in R, then g is uniformly continuous and so has a unique 
continuous extension, f, to [0,1]. By density of R and continuity of f, (iii) 
holds; whence f is a homeomorphism of [0,1] onto itself satisfying (i), (ii), 
(iii). 

To construct such a g, we begin by enumerating the sets R and S as r, 
=(0), ro(=1),73,- and 1), 83,- - -, respectively. When we 
refer to “the points of {a,---,@n} adjacent to a”, we shall mean those points 
aj, a, such that aj <a < ay and a; <a, < ax, for 1ShSn, implies a,—a. 
—s 

Define “an s link of length h,” for s in S, to be a set of ordered pairs 
{(T1y (125 (Thy Sn,)} such that for Ak; J, 
k==1,---,h; and &, 

If L= {(r1, * (ky Sm) } 18 aN Sp, link, h > k, and is such that 
Snyy Thy for 7 =1,-- then there is an s,, link of length h of 
which Z is a subset. In fact, with k =a <b suppose that we have found 
such that (1j, Ta, Sn,), for h,1,2,---,a—1. Let ry and ry be the 
points of 71, adjacent to r,. The set of points, 2, for which 
(ro, ANA (1p, Ty, Suv), 18 @ NON-nUll open set, since 5 
so that it contains elements of the dense set, S. Let s,, be that element 
of lowest index. Since ry, ry are adjacent to rp and 1p, Sny), 
Snymy Sny), WE have (1), Sn,, 1b, Sn,), for each j=h,1,---,b—1. In 
this way, we construct an s,, link containing L. 


We write (17,s,7’,s’) in place of the inequalities, m < 


Suppose, now, that we have defined g(ri),---+,g(tn+) so that 
(—L) is a link, and g(r,) =0, g(r2) = 1. 
Let s be the element of S— {g(ri),- - -,9(tn-1)} with least index; and let 
S, be the set of elements of § paired with 7, in those s links containing L 
which have minimal length. We shall define g(r,) to be the element of S;, 
with least index, so that {(11,9(71)),° 9(1n))} is a link; but first, 
we must show that S, is not empty. For this, it will suffice to prove that 
some $ link containing ZL exists. Let g(r;) and g(rj-) be the elements of 
{9(71:),° + *,9(%1)} adjacent to s. As in the preceding paragraph (by 
density of R), there is an element r,, of R such that (r;,g(1j), TS) and 
(19), 72,8) ; Whence (7;,9(17;), 7,8), for all j—=1,---,n—1. From 
our preceding comments, we conclude that there is an s link containing L. 

If g does not map FR onto S, let s be the element of S not in the range 
of g with least index; and suppose that each element of S with index less 
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than that of s is contained among g(r:),9(T2),° From the above, 
there is some s link, of length h, let us say, containing 


(te 9 (TE) )}- 


Let (9 (T5415 (rx,8)} be an s link of 
length not exceeding h for which j is maximal (since s is not in the range 
of g, there is some first s,,,, which is not g(7j1)). Certainly then j= k, so 
that s is the element of S— {g(ri),° - -,9(7;)} with least index. By defini- 
tion, g(7j.1) occurs with 7;,, in an s link of length not exceeding h’ and 
containing {(7:,9(7:)),° (7},9(1;))}. This contradicts the maximal 
property of 7; whence g maps FR onto S, and the proof is complete. 


Remark 3.5.6. The result of the preceding lemma is valid in the case 
where RF and S both contain or both do not contain 0 or 1 (as can be seen by 
adjoining 0 or 1 to the sets—whichever is appropriate). 

If X is a closed subset of [0,1] containing 0 and 1, we shall say that 
two points, a and b, of X are “equivalent in X” when m([a,b]N X) =0 
(equivalently, when 6(a) =0(b)—cf. Lemma 3.5.1). 


THEOREM 3.5.7. If + is a denumerable order type, the family, F, of 
closed subsets, X, of [0,1] containing 0 and 1, which are nowhere dense, 
have uniform edge of type +, have non-zero Lebesgue measure, and for which 
0 and 1 are equivalent in X to right edgepoints of X is the hull class of some 
ordered basis. The family of subsets having the same properties and for which 
0 or 1 are not equivalent to a right edgepoint 1s also a hull class. 


Proof. If X€ F and f is a Lebesgue order isomorphism of [0,1] onto 
itself, then clearly, f(X) € ¥. Thus, F¥ contains the hull class determined 
by X. 

With OSp<qsl, ([p,¢]) =[a,b] NX, since is order pre- 
serving. Now X is nowhere dense, so that [a,b]—X is non-null. Hence, a 
right edgepoint of X lies in [a,b] and some atom for X lies in [p,q]. The 
set of atoms for each set of ¥ is everywhere dense in [0,1] and contains 0 
and 1 (in the case of the first statement of this theorem). According to 
Lemma 3.5.5, there is a Lebesgue order isomorphism of [0,1] onto itself 
carrying the atoms for Y onto those for Y, where Y and FY are sets in , 
and necessarily preserving the order types associated with these atoms, since 
by hypothesis, 7 is associated with all the atoms for X and Y. Lemma 3.5.3 
now applies, and we conclude that there is a Lebesgue order isomorphism of 
X and Y. Thus § constitutes a complete hull family. 
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Remark 3.5.8. We note in the foregoing theorem that XY being nowhere 
dense implies that its atoms are everywhere dense. Suppose that we are given 
that the atoms for X are everywhere dense in [0,1]. By definition of @x, 
an open interval in X maps in a one-one manner onto an interval in [0,1] 
which contains no atoms for XY. Thus X contains no open intervals, and being 
closed, XY is nowhere dense. 


Remark 3.5.9. The density of the atoms for XY in [0,1] is equivalent 
to their closure having measure 1. The unitary equivalence class of ordered 
bases corresponding to the hull class of Theorem 3.5.7 can also be described 
as the set of ordered bases whose point ordered intervals have a set of atoms 
whose closure has measure 1, contains 0 and 1 (similarly for the other three 
cases), and each atom is associated with a fixed order type, 7. In this 
framework, we can state a similar result for the case where the closure of the 
set of atoms has measure 0. In fact, the family of all denumerable subsets 
of [0,1] equivalent to a given one under order isomorphisms of [0,1] onto 
itself, all of whose closures have measure 0, and associated with each point 
of which is a fixed denumerable total-order type, 7, constitutes the family 
of point ordered intervals corresponding to a unitary equivalence class of 
ordered bases. Clearly, Lebesgue order isomorphisms of [0,1] onto itself 
leave this family invariant; while the order isomorphism between the closures 
of two sets of the family is Lebesgue in these sets (since these closures have 
measure 0) and can, therefore, be extended to a Lebesgue order isomorphism 
of [0,1] onto itself (cf. Remark 3.4.7). The order isomorphism of the sets 
of atoms, themselves, would not be sufficient; for unlike the situation of 
Remark 3.4.6, an order isomorphism between subsets of [0,1] which are not 
closed need not be extendable to an order isomorphism of [0,1] onto itself 
(and so, from Remark 3. 4. 6, not extendable to their closures). Indeed, the sets, 
A= {1/2—1/n,1/2 and B= {1/4—1/n,3/4+1/n} 
are order isomorphic but their closures in[0,1] are not (the closure of A has 
a point, 1/2, without immediate predecessor or successor, while the closure 
of B has no such point). 

The examples which follow indicate some of the limitations to the possi- 
bility of simple characterization of hull classes. Making use of a non-uniform 


edge, the next example gives us our first instance of order isomorphic sets 
which do not belong to the same hull class. 


Example 3.5.10. Let g be a homeomorphism of [0,1] onto itself which 
carries some set of measure 0 onto a set of measure different from 0 (such 
as f, described in § 3.3). Let - be an enumeration of the rationals 
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in [0,1], and let r+, be the total-order type corresponding to the totally- 
ordered sets with k& elements (a finite set). If X and Y are closed subsets 
of [0,1] which have {r;,7,} and {g(rx),7x} as point ordered intervals (cf. 
Lemma 3.5.4) then there is an order isomorphism, f, of X onto Y such that 
g =6yf6x", from Lemma 3.5.3. (Note that the second part of the proof of 
Lemma 3.5.3 applies to order isomorphisms, g, which are not Lebesgue to 
give order isomorphisms, f, which are not Lebesgue.) If there is a Lebesgue 
order isomorphism, fy, of X onto Y, then there is a Lebesgue order iso- 
morphism, go, of [0,1] onto itself carrying onto g(1rj;,), such 
that 7;,—=7;, and go = 6yf,.6x", from Lemma 3.5.3. Since 7; and 7;, are the 
order types of finite sets with & and j; elements, respectively, k = 7,3; whence 
= =9(Tx)- Both g and go are continuous and {7r;} is dense in 
[0,1], so that gg». But g, is Lebesgue and g is not. Thus X and Y, 
though order isomorphic, do not lie in the same hull class. 

In the foregoing example, special use was made of the fact that the edge 
of the closed sets involved was not uniform. The next example describes a 
case in which two order isomorphic sets with uniform edge (of any type we 
wish) do not belong to the same hull class and whose sets of atoms have 
closures with the same measure (not 0 or 1, of course, in view of Theorem 
3.5.7, and Remark 3.5.9). 


Ezample 3.5.11. Let C, and C, be dense denumerable subsets of Cantor 
sets of measures 0 and 1/4, respectively, in [0,1/2], both C, and C, containing 
1/2; and let g’ be a homeomorphism of [0,1/2] onto itself carrying (’, onto 
C, (multiply by 1/2 in the preceding example). Let D, be a dense denumer- 
able subset of [5/8,1] containing 5/8; and let D, be its image under the 
linear order preserving homeomorphism, g’”, of [5/8,1] onto [7/8,1]. The 
mapping, g, defined as g’ on [0,1/2], 9” on [5/8, 1], and linear from [1/2, 5/8] 
to [1/2,7/8], is an order isomorphism of [0,1] onto itself carrying 
Si(=C,U D,) onto 8.(—C,U Note that the closures of S, and 8: 
have measure 3/8. If h is an order isomorphism of S, onto S2, then h(1/2) 
is a point of 8. with an immediate successor and, hence, a point of (2. If 
h(1/2) ~1/2, then some point of D, other than 5/8 maps onto 7/8. However. 
no point of D, other than 5/8 has an immediate predecessor, while 7/8 does. 
Thus h(1/2) = 1/2, h(5/8) = 7/8, h(C,) =C2, and h(D,) Since the 
closure of C, has zero measure and that of C, does not, no Lebesgue order 
isomorphism of [0,1] onto itself carries 8, onto S.. From Lemma 3.5.3. 
X and Y, closed subsets of [0,1] whose point ordered intervals have S, and 
S, for their sets of atoms, respectively, are not in the same hull class. However, 
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there is an order isomorphism, viz. g, of [0,1] onto itself carrying S, onto 82, 
and again, from Lemma 3.5.3, X and Y are order isomorphic. 


Added February 3, 1960: Question 2.4.1 has a negative answer as can 
be seen with the aid of a result of W. F. Donaghue, “ The lattice of invariant 
subspaces of a completely continuous quasinilpotent transformation,” Pacific 
Journal of Mathematics, vol. 7 (1957), pp. 1031-1035. 
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FINITE DIMENSIONAL PERTURBATIONS IN BANACH SPACES.*: 


By S. R. 


0. Introduction. It was observed in [2] that two differential operators 
on a finite interval, which arise from a given differential equation by two sets 
of boundary conditions, have resolvent operators which differ by a finite 
dimensional operator. In this paper we study the following situation: Let 
X be a Banach space, JT a bounded operator and S§ a bounded operator of 
the form Sz = * where 2 € X, X*. We shall be concerned with 
the one dimensional perturbation of 7: T+ 8. 

Thus in the case of differential operators, one set of boundary conditions 
will be arbitrary, while the second set will be at an end point of the interval. 
The second operator will, then, be a quasi nilpotent and the first will be a 
finite dimensional perturbation of a quasi nilpotent. 


1. The resolvent of T+ S. Let c—o(T) and R,—R,(T) (the 
spectrum and resolvent of 7). If »¢o is a complex number such that 


| || <1, then = (I—R,8) Rye = (RyS)"Rya is 


n=0 


Notation: Let the functions ¢ and y be defined by ¢(n) =1—2*Ryn, 


THEOREM 1.1. If p¢o and x*Ryt,~1, then p¢o(T +8) and 


(1.1) (u—T—S8)*2— Rye + 


If udo and $(») =0, then p is an eigenvalue of T+ S with a single 
eigenvector RyXo. 


Proof. Whenever the right side of equation (1.1) is defined, then 


* This work was partially supported by the National Science Foundation. 
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(u—T—S) (Rye + y(u32)) 
= — + o(p) (vo — SRyXo) 
= — (Lo*RyT) Lo + (Lo — (Xo* ) Xo =z. 
Also | 
Ry(u— + $(u) (to* Ry (u— T—8) x) 


If = 0, then 
(u— T —8) Ryto = Lp — = Lo — Xo = 0. 
Conversely, if (u—T—S)x=0, then = 


Remark. The above theorem characterizes o(7-+8)—o(T). The 
function z)*R,27) is analytic outside of o(7) and vanishes at infinity. We 
shall assume that o(7') is connected; then o(7 +8) —o(T) consists of a 
sequence of points which has limit points, if any, in o(T’). 

In [2] a result equivalent to the second part of Theorem 1.1 is proved 
for self adjoint operators. 


2. Computations of f(S+T7). Let f be a function analytic for 
<|o(T+8)| +2, «>0. Thus 


= Sanz" in this domain. 
n=0 


f fu) dy 


where c: | w|=|o(7’+8)|+. (See [1], Definition 2.6), or 


f 


Note that f(7+8)—f(T7) is a compact operator. Now 
= |p| >|o(T+8)|, 
n=0 


Ryo ZT lu| > |o(T); 
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then 3. f(u)v(»;2) dp is the coefficient of in the function 
c 


2m 
But 
n= 


and the coefficient yp is 


n=0 = n= 


8. Spect: behavior of T+ S at o(T+S)—sa(T). Let wo¢o and 
=0. This -po is an isolated point of o(7 +8). Let c be a circle 
around pw. which does not contain any other point of o(7’+ 8). Then if 


f 


E is a projection and 
T4+8—(T+8)E+ (1 +8) (I—E) = (w—WN)E + (K)(I—E), 


where: The operator V on HX is a quasi nilpotent. The spectrum of the 
operator 7+ S on (I—)X does not contain po. (See [1], p. 196). Also 
N=HEN=NE, K=K(I—E) =(1—E)K. 

Now, the function is analytical near hence 


f. dp, 


or Fz is the residue of the analytic function y(y;72). 
Let us divide the discussion into two parts. 
Case 1. Let us assume here that 
(d/dp) | = — 0. 
In this case there is a simple pole to y(u;x) and N =0 and 
(u— po) (m5 ©) = (Lo* Ry Lo/Lo* 
This is a one dimensional projection whose norm is 


= || %o || || Lo* Rh? 
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Case 2. Let (mo) =0 and 


The operator ¥(u) is one dimensional and thus compact. Therefore £ 
, a compact operator too; the ‘Ss »e EX is finite dimensional. Now N is 
defined on EX and therefore is a nilpotent. Let the dim,,)sion of EX be k. 
The operator NV can be represented by the Jordan canonic. .orm as 


N, 0 0 
N., 0}, where Nj = 
0 


It was shown in Theorem 1.1 that there is a unique solution to the 
equation Hence N=N,. 

But then the pole of 7+ S on EX at py is of order k: k =n, for $(p) 
has a zero of order n while the numerator of y(y) is different from zero at po. 
Now let 1S then 


(3.1) (po — T — 8) Ym = Ym-r; = 1, (uo — T —S)y, =0. 


Therefore ym€ HX and Nym=Ym-+1, where yo=0. Now the vectors y% 
are independent by equation (3.1) and hence generate HX. With respect to 
the basis y; the operator N has the Jordan canonical form. Also there exist 
n functionals y,*,- - -,Yn* such that 


In the rest of this section we compute the functionals y;*. The operator H 
is a projection, hence 


But the vectors y; are independent, so 


yx* (a— Hr) =0. 


yj = = (ys) ye 
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Thus 
(3.3) yj = 84,5. 
Equations (3.2) and (3.3) characterize the functionals y;* completely. Let 
a= LSksn. 
Lemma 3.1. If Er=0, then =0. 


Proof. If Ex=0, then (u—TZ7—S)-z is regular near po, or: the 
function y(y) does not have a pole. This can happen only if the numerator 
of y has a zero of order n. Now, the numerator is (%*R,x) R,t. 

The vector R,,% is never zero, hence the function 2)*R,z has a zero of 


order n: 


n 
THEOREM 3.1. The functionals y;* are gwen by = where 
k=1 
the matrix (a;,) is the inverse to the matria (2;*(yx) ). 


Proof. The matrix (z;*(y,)) is triangular and hence possesses an inverse, 
Let us define 
n 
k=l 
where a;; are the elements of the inverse matrix. By Lemma 3.1 equation 
(3.2) is satisfied. Now equation (3.3) follows from 


yi* (y;) (yj) = 84). 


4. Spectral behavior of JT + S at isolated point of 6. Let yp. be a 
isolated point of o. Thus 


(4.1) T = (w—M)F4K(I—F), 


where F is a projection, M a quasi nilpotent commuting with F, and w¢0 
(K restricted to (I—F)X). We shall start by some simple cases. 


Case 1. Let M0. The spectrum of 7+ S near py is the solution of 
1 = = (Lo*FLo/ — po) ) + (I —F) 
= 


where f(y) is analytical near po. 


(4.2) 


1. Let 0. 
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In this case zo*Ry%)—>0o aS p—> po, and there are only a finite number 
of solutions to equation (4.2). Now 
5 = (— — po) — +1)7 
po) + %o*(u—K)* (1—F)z) 
(F2o/(u— po) + (u—K)* (I a). 


The pole of y() is simple with residue —2*F2/ao*Fax,. Hence: 


TueorEM 4.1. If and 0, then the spectral projection 
T+S8 at po ts 


Ex = Fr — (2o*F 2x) FXo/Xo*F Xo. 


Thus the space of eigenvectors of T+ 8S with po as eigenvalue is given by 
{r|Fxr=2x and x,*x=0}. There is no nilpotent associated with T + 8S at po. 
Also po ¢ o(T +8) if and only if FX is a one dimensional space. 


Proof. It was seen that y(n) has a simple pole with residue 
— Fr) Xp. 


Thus the projection of 8 at is Fx— (x,*F xr) and there 


is no nilpotent. Now Ho o(7 +8) if and only if Fa = Fr) Xo. 

If the above equation is satisfied then FX is one dimensional. Conversely, 
if FX is one dimensional, then the projection (%o*Fxr)F2o/2o*F 2, is smaller 
than F and being both one-dimensional projections they are equal. 


2. Let 
The equation for the spectrum will be: 
(uh F) a —1. 


Thus in the neighbourhood of yo there are only a finite number of point in 
o(f+ 8). In order to find the projection and nilpotent associated with 
[+8 at yo we have to study the function 


= [1 —29*(u— K)*(I — Fx/(p— po) + 2o*(u — — F) 
(F2o/(u— + (u— — F) a>). 
va. Let d(uo) 40; then 
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+ — po) [(to* — K)* (I — F/) ao + — K) — F) 2) Fay] 
+ (#o*(u— — F)x)(u — K) — F) a9}. 
But 
Wu) = (— — po)" — Fup) 


+ (terms analytical in (u—y.)), 


where NV and F£ are the quasi nilpotent and projection, respectively, associated 
with 7+ 8S at wo. Comparing powers of one gets N* —0, 


Na =— $(po) F 2) F Xo, 
E—F = (po)? (uo — — F) a 
—K) (I — Fx) Fo] + (d/dp) | to" Py 

But | = — $( M0) (wo — F)ao. Thus Lx—Fr 
= A,x+ A.2, where 

= (po) FX) (uo —K)* (I — F) a0, 

= [6(po)o* (uo —K) 11 

— (uo — (I — F) 20) 2) | Fay. 


Both A, and A, are one dimensional operators and 


=A,A,.—0, 
A,F=4A,, FA,=A,, =— 

Finally let us check when po ¢ o(7 + 8). In this caseN—=H=0. N=0 
if and only if either Fx) or If Fx,—0, then A,—0 and 
A, = (po) (Xo* FZ) (to In this case =F + A, because if 
F —=—A,, then FA, —=—F?=F=0. If F*x,* 0, then A, —0, 

Az = (wo (I — F) 2) Fao. 
Now if A,=0, then F =— A, and A,F =— F? =—_ F = — A,A, 
= 0 which is a contradiction. 

Thus in this case o(7 +8). 

2b. Let o(uo).—=0. Again we have 

= (u)*[ + —F)z) 
(F2o/(u— wo) — (u—K)7(I—F) a) ] 
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and (Ho) =" (wo) =OAG™ (uo). The function 
has a pole of order n + 2 and (— NV)" = (ao*Fr)F2o/p™ (po). It is possible 
to compute EH —F by taking the coefficient of [~—y.]- in (qu): It is a 
sum of n + 2 one-dimensional operators. 


Case II. Let MAO but M"=0. The function y(y~;7) has a finite 
pole, at most, at =o: The denominator can have a zero of finite order and 
the numerator has a pole of order n. The spectrum equation 


n 
1 = Ry = (— *F20/ (wu — wo) ** + analytical terms 
i=0 


has only a finite number of solutions near yo. Now the coefficients of negative 
powers of (u—yo) in y(m) are finite sums of one dimensional operators. 
Thus : 


THEOREM 4.2. Let po be an isolated point of o with F and M as the 
| projection and nilpotent associated with T at wo. Let M"=0. If HE and N 
are the projection and nilpotent associated with T+ 8 at po, then H—F 
and N—M are finite dimensional operators. Also N™ =0 for some integer m. 


: If, in equation (4.1), M is a quasi nilpotent, the situation becomes more 
complicated. We shall give an example to show that one cannot expect an 
analog to Theorem 4. 2. 


Example. Let X =C(01) and T be defined by g = Tf: g(a) = f “Heat. 
Then f [ (a—t)"/n!]f(#) dt and f dt for 
0 


| Let x(t) =1 and 2,*f=f(1). The spectrum equation of T+ S is 


1 
Lo*RyXo po f e(-t)/e dt — 1, 


0 


OF py= [2rtk + log2], Now — 
| £0 and [2rik + log2]- is a simple eigenvalue. Also 


E (ux) f = ma? ((1/ue) F(t) dt) ( f, dt) 


The eigenvectors of 7’ + 8 are 


= f (1/py,) dt Qe27ike 
0 


0 
it 
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They generate a subspace of deficiency 1 but 0 is not an eigenvalue of T + 9: 


((T+8)f) (2) — f 


Thus ((7 + 8)f)(0) =f(1) =0 and Therefore f(t) =0. 


5. Examples: differential operators. We shall use our results to study 
differential operators on C[a,b], —-o<a<bSo. Similar methods can be 
used in L,(a,b). Let Y be a Banach space of functions having n con- 
tinuous derivatives, and let D be a continuous transformation from Y to J. 
(X =C[a,b]). Let y.*,---,yn* and 2,*,- be functionals on 
Define A as the restriction of D to Y,, where 


Y,—({f|f¢ Y,y:*f —0,1—1,- - -,n} 
and B the restriction of D to Y., where 
{f|f¢ Y,2*f 0,i—1,- --,n}. 


Assumption. For some complex number A, the operators (A —A)”, 
(B—x2)-* are bounded everywhere defined operators on X. We may take 
A=0. To avoid unnecessary complications, we assume that the functionals 
yi* (z:*) are independent. Let 2,*,- - -,2m* be dependent on y,*,- 
but Zmii*,: °,2n* not. The problem then is reduced to: y;* 1=1, 

independent. 

Let Yo= {f|f¢ Y and y*f —2*f =0,i—1,---,n}. Let 
be functions in Y such that 

yi* (fx) =0, yi* (gi) = 81,55 
a* (gx) =0, ai* (fj) = 


There exist such functions because the functionals are independent. Then 
Let ¢€ X, where yE Y;. Then yey + fir Yo, and 
t=m+1 


(atv) Afi—Dyot (aty)Df. Thus 


y 

¢ 
Bu 
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But on Yo, D—=A=—B; hence (B*— A-*)Dy,=0. Thus 


Now fi € hence Df; Afi. Let Bo Df, = hy. Then hy and Df, = Bh; 
=Dh;, or D(hi—fi) =0. Hence Df, = fi+ where 


(5.1) Dr, =0,  2;* (1%) =—2;* (fi) 1=m,j=1, 


=m+1 

Thus B-* is an n—m dimensional perturbation of A-. 

Let, now, b <oo and let D be an n order differential operator. Choose 
(a). Then A- is a quasi nilpotent operator. Let 2;* be arbitrary 
functionals on the space C"[a,b]. Then all spectral properties of B can be 

} studied by our method if there is a A such that (B—A)-~ exists. 


Example. Let D be a second order differential operator on C(0,1). Let 
=2*f, yo*f—f'(0), and be any functional on C?(0,1) 
independent of y,* and y2*. 


LemMA. The operator B-' exists if and only if there exists a function 
a(t) such that 


(5.3) = 0, —0, = — 1. 


Proof. It was shown above that if B- exists there is such a function, 
namely B--Df, —f,, where 


fi:(0) =0 and z,*f,—1. 


Conversely if there exists such an 2, then on Y2, D is one to one: If 
19€¥, and Dg =0, then g a292, where Dg, = Dg. =0, 9:(0) = 1, 
g'(0) =0, go(0) =0, g.’(0) =1. Now g(0) =0, hence a,—=0, g = 
But satisfies the same conditions, hence Now g€ 0—2.*g 
=%*r,—=—a. Thus g=0. It remains to show that D is onto C(0,1). 
Het and gi(0) =0, g:’(0) =1. 

Such a function exists if y,* is independent of y,* and z,*. Now A is 
fouto, hence Dg, Df + aDf,, where y,*f = = Zo*f = 0 and y:*f, = 
=0, 22*f;—=1. Ifa=0, then D(g,—f) and g,—f€ but D is one 
to on Y;. Thus Df, =a*(Dg,— Df) € DY, and DY. D> DY,+ {Df,} 
= DY,. 
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From the general discussion it follows that if z, exists and satisfies (5.3), 
then for every x€ X, + Thus the spectrum of 
consists of the solutions of 


1 = 2,*A-* “2279 = (Ap — I) = (A —1/p) 


The operator B will have a multiple eigenvalue if 
and 
The second equation is equivalent to 
O = —1/p) = (A —1/p) 
+ (A — 1p) = 1 + (A —1/p) 
The eigenvector for a given eigenvalue is 


= (uA) (A —1/p) 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA. 
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WHITEHEAD PRODUCTS AND POSTNIKOV SYSTEMS.* 


By JEAN-PIERRE MEYER. 


0. Introduction. The Postnikov system of an arcwise-connected topo- 
logical space X determines all homotopy operations of XY, and, in particular, 
the Whitehead product pairing of the homotopy groups of X. The purpose 
of this note is to give an explicit description of this determination. In the 
process, some simple properties of Postnikov systems are obtained, in par- 
ticular, a connection between the Postnikov system of X, J. H. C. Whitehead’s 
“certain exact sequence” and the Hurewicz homomorphism for YX. 

In the last section, two applications are considered. Results of a similar 
nature have been obtained by M. G. Barratt (unpublished) and A. H. Copeland, 
Jr. [4]. Part of this work was supported by the Office of Naval Research, 
during the tenure by the author of a Research Associateship at Brown Univer- 
sity. The author wishes to thank W. S. Massey for many helpful discussions. 


1, The Hurewicz homomorphism. All spaces considered in this note 
are assumed to be simply-connected and to belong to the category, W, of spaces 
having the homotopy-type of a CW-complex [8]. The reason for the latter 
assumption is that the composition of the two functors, singular complex, 
geometric realization, applied to an element of W gives another element of 
the same homotopy-type [8]. 

Consider a Postnikov system of a space XY. We recall that this is a 
sequence of spaces and maps (Xn, Pn, Qn), Yn: X > Xn, Pn: Xn—> such 
that: 


(i) pn is a fiber map with K (a,(X),n)* as fiber. 
(ii) Qn is an n-equivalence. 
(iii) X, is a point. 

(iV) = Qn-1- 


For the construction and properties of such a Postnikov system, we refer 
to [5], [9]. The fiber of the composite map pm: Xn—> (m Sn) 


* Received March 19, 1959. 
K(m,n) denotes as usual an Eilenberg-MacLane space with m, = 0, i 7, = 7. 
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is denoted by Xmn. It is easily seen that the inclusion Xm,—>X, induces 
isomorphisms of homotopy groups in dimensions m through n, so that Xm,» has 
the same homotopy properties as X in that range of dimensions. The fiber Y,,, 
will also be denoted by F,, and the inclusion F,—> Xn by t,. We may assume 
that X,, is the fibre space induced by a map k"*?: Xp. K(an(X),n +1) 
from the standard Serre path-space fibration 


E(K (mn(X),u+1)) > K (an(X),n +1), 


and therefore that F, operates on X, in a fiber-preserving manner. 
Each fibration pa: Xn—>Xn+. determines as usual a Postnikov invariant 
kn? € H"™1(X, 452), where 

(1.1) &"*1=0 if and only tf ine: Hn(Fn) > Hn(Xn) is a 
monomorphism onto a direct summand. 

Proof. As X is simply-connected, so is every Xn. The Serre exact 
sequence of pu: Xn—>Xn-+1, [12], is: 


Un® Pne T 


Since = =0, we may write: 
(1.2)n O— — 


Pn 
—> Hx(Fn) —> Hn(Xn) —> > 0. 


Unt Pn* 


If t,« is a monomorphism onto a direct summand, the exact sequence splits: 
O— > An(Xn) An 0. 
Hence, applying the functor Hom(-;7,), we obtain the split exact sequence: 
0— Hom(A,(Xn-1) 3 tn) > Hom(Ha(X2) 3 > Hom(H,(F 2) > 0. 
It follows from the universal coefficient theorem and the fact that 
H"(F ~ 32) that t,*: H"(Xn3 2) > mn) 
is onto. Consider now the Serre cohomology sequence of j,, which contains: 


—> H"(F 3») —> H™ ttn). 


tne 


As 1,* is onto, = —+*(b") 0, where is the basic cohomology class. 


* E(Y) ¥ denotes the Serre path-space fibration p: > Y, p(w) = (1), 
Yo 


= 
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The converse is trivial: if k"**—0, then X,=Xn_. X Fn and the pro- 
jection r: F,, satisfies ri, = identity. Hence ins is a monomorphism 


onto a direct summand. 


(1.3) Coronary. k"*?=0 if and only if the Hurewicz homomorphism 
> is a monomorphism onto a direct summand. 


Proof. The diagram below is commutative. 


Un* Qn* 
Hy (Fn) —> Hu(Xn) ——Hn(X) 


Ins Qn* 
tn( Fn) an(Xn) —7m(X). 


Since the indicated homomorphisms are isomorphisms, t+» and & are 
equivalent, and the Corollary follows from (1.1). 


(1.4) If X is an N-dimensional complex, then k"** 
if and only if =0 (n>WN). 

Proof. If n>WN, then H,(X)=0, and Mn: is a 
monomorphism if and only if w,(X) =0. 


(1.5) Proposttion. The following sequence is exact: 


(PnPns1)* 
—> (Xn) Ai (Xn2) 
tne (Pn-1Pn)* 
Proof. This follows immediately from the consideration of the exact 
sequences (1.2)ni:, (1.2)n, and (1.2) y4. 
Although we shall not give the proof, this sequence is equivalent to 
J. H. C. Whitehead’s sequence [16] and yields the isomorphism TI, (-\) 
~ Hayy 


2. Whitehead products. Let p,q > 1, s€ S?, € S84, and ep € H,(S?,s), 
H,(S4,s’) be generators. Then H;(S? 8%, 8? V s1) =0,0<i<cp+q, 
Hy.q(S 8° V 8%) = Z and is generated by the cross-product, ep X eg[1]. 
Here, as usual, S? \V 8% denotes the subspace (S? X s’)U(s X 82). Let #, 
denote the Hurewicz homomorphism in dimension n, and ip=%p(ep), 
Mo then 84,8? V 82) = Z, is generated by X 
ig and A(ip ig) € V 8?) is the Whitehead product [i,+%p, 


~~ 
~~ 
~~ 
~~ 
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where i,: S? C V S84, ig: SP? V 84. If wp(X), BE wq(X) are repre- 
sented by f: X, g: X, then the Whitehead product [@, B] € 
may be defined by 8] = (f V 9) where f V g: S? SIX 
is the usual “wedge” of the maps f, g, composed with the folding map 
XVX*D. 

(2.1) Proposition. —0. 

Proof. 8B] =H V 9) tortg] 

= (f V 9) tortg | = 0, 

since Hy,,-,(S? V 87) =0. 

(2.2) Corottary. Identifying and by the iso- 
morphism exhibited in (1.3), there exists an element y€ Hpiq(Xpiq-2) such 
that r(y) =[2,B], where +r: > the trans- 
gression. 


Proof. This follows from (2.1), (1.3), and (1.4). 
(2.3) Analogues of (2.1) and (2.2) hold for many homotopy operations. 


In order to complete the connection between Postnikov systems and 
Whitehead products, it remains to identify an element y€ Hoig(Xp.q-2) 
satisfying (2.2). This will be done in the next section. 


3. A homology class ¥. 


Assume X is (p—1)-connected. 


(3.1) THeEorEM. In the fibration, Deccan (pq), the fiber 
Xop+q-2 has the homotopy type of a loop space QY, where Y is uniquely 
determined up to homotopy type. There exists a map (unique up to homotopy) 
m: Xapeq-2 Xpsq2—> Such that 


a) m|Xoepiq-2 V Xpiq-2 =! V 1, where | is the inclusion. 
b) The following diagram is commutative: 


m 
X X Xprq-2 —> 


1 


(* = single point, or the map into *, 1(*,2) =a, r€ 


The proof will be given in the next section. It follows that one may 
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define a “generalized Pontrjagin product,” [2], denoted as usual by *, 
@ Hj(Xpig-e) > 

Let mp(X), BEwg(X), As follows from §1, in computing 
(a, B], it suffices to consider Xp,p,¢-1. We may therefore assume that = 0, 
i<p,t>p+q—1, so that dpigi: X>Xpig1 is a homotopy-equivalence 
under which we identify X and Xp,¢,. Let f: S?9—>X, g: SY—-X represent 
a, B, respectively, and f’: S?—> Xpiq-2, g’: S1—> be given by f’ = dpig-2f, 
Qp+q-29- As the inclusion 1: X¢.¢-2—> Xp.g-2 induces isomorphisms of 
homotopy groups in dimensions q through p + q— 2, we may factor g’ through 
Lup to a homotopy, i.e., there is a map g”: 84—> Xq.9-2 such that lg” =’. 
Let a’ = {f’}, {9'}, B= {9"}. 

(3.3) THEOREM. y= (—1)?9%_(B’)*H,(a’) satisfies (2.2). 


Proof. The terminology and some of the simpler results of [10] will 
be used. 

a) Let W: \/ 84 represent It is easily seen 
from §2 and is well-known [13] that S? Xx S84 results from attaching a 
(p+ q)-cell to S? V S82 by W, i.e, S?X V S82) U Hence 
({10]. $5), 


W J 


is a coexact sequence of spaces; 7 is the inclusion, and y is the identification 
map shrinking S? VV 8% to a point. 


b) Let r= -p.g-1(X); it follows from §1 and a slight extension of 
[10], Lemma 2.1, that 


1 k 
K (a, p+ qg—1) — K (2, 


ls an exact sequence of spaces; P= = 


Consequently, all rows and columns of the following diagram are exact: 


V K p+ g—1)) —> ; K (2, p + g—1)) 
ig ty = 
v wt 


hey hy 
# W # 


9 
K(x, p + g)) a(S? X 849; K(x, P+ — V S89; K p + — n( K(x, ). 


= 
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The set of homotopy classes of maps A—B, 7(A;B) possesses a 
canonically defined group structure if A is a suspension, or B is a loop- 
space (see, for example, [10]); hence, in the above diagram, all sets are 
groups, with the possible exception of r(S? X 87; Xp,¢-2), and all maps ars 
homomorphisms. The latter is also a group; in fact, j*: r(S? X 8%; Xp.9-2) 
— 2(S? VV 8%; Xp,¢-2) is a one-one correspondence (see (4.11)). To simplify 
the notation, we shall not distinguish between a map and its homotopy class. 
Let a V b: 8S? V and b’: be such that 1b’ = b. Then 


b’ Xa m 
the map 8? 84 K S? ———> Xqpig-2 XK Xpiq-2 —> Xpsq-2, Where 
is the homeomorphism interchanging the factors, has the property that 


m(b’xK a)éj =a V b 


and therefore j*#(m(b’ a)é) =a V Bb. 
Recalling that K(2,n)) H"(A;7z), the following groups vanish: 
a(S? V and K(x, p+ q)); 


so the indicated homomorphisms are isomorphisms. Following the usual 


method for defining functional operations, we obtain the homomorphisms: 


ig *W* pg: V 89; > K (x, p +q—1)) 
nt hgjt: a(S? V 89; Xp.¢-2) > (S899; K (27, p+ q)). 


By Theorem 7.1 of [10], or a straightforward direct verification, one sees that 


ont = igW* pg, 


where ¢ is the classical Hurewicz isomorphism 


(Set; p+ q)) > K (2, p+q—1)). 


Identifying K(z,p-+q)), K (2, p+ q—1)), Xp.¢-1) 
under ¢ and iy, we obtain = W* pg. 

Consider V g’€ r(S? V 82;Xp.g-2). Then py V g’) =f Vg, and 
V9) =(f = (FV 9) = [2, B]. On the other 
hand, V g’) = m(g” X and —km(g” X frye 
nt 
(Sa; K (x, p+ q) —> a(S? X 84; K(z,p+ q)) 
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where & (a) = <a*b?*4, and 6(b) = <b*b?*4, s? & here st€ H;(S*) is 
a generator and <-,-> denotes the Kronecker pairing of cohomology and 
homology, and @, 6’ are isomorphisms. Identifying under these isomorphisms, 
one obtains 


nt V 9’) = (f V 9’) 
= dkm(g” X 
= X f’) *m*k* X 
= X f’) X 
= my (948 X 
= (—1) my (Hq(B’) X Hy(2’))> 
= (— 1) chet, *Hp(2’)> 


and, therefore, 


Hq *Hp(a’)> = (—1)™[4, BI, 
from which (3.3) follows. 


4, Proof of (3.1). In the fibration P: the fiber 
has non-vanishing homotopy groups in dimensions q,q+1,---,p+q—2. 
Since p + q—2 S 2q —2, the first statement of (3.1) follows from the well- 
known theorem to the effect that the Postnikov invariants of the loop-space 
of a space are the suspensions of the original Postnikov invariants. One 
merely constructs the space Y inductively, by “ de-suspending” the Postnikov 
invariants of X¢p.¢-2. This can be done, at each stage, uniquely, by Prop. 10, 
Ch. IV of [12]. See, for example, [7] and [14]. 

Before we proceed to the proof of (3.1), note that, in two special cases 
of particular interest, (3.1) is now trivial: 


(1) pq; in which case X,_, is a single point, so 
X ™ Xpeg-2- 
(2) =0, g<t<p+q—1; in which case 
X = Xq and Xo Fy = K (xq,9q). 


(4.1) Lemma. If A is (p—1)-connected, B is (q—1)connected, and 
m(C) =0,1= p+ q—1, then 


r#: (A X B;C) 2(A VB;C) 


‘8 one-one, where r: A\V BA XB is the inclusion. 
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Proof. Let f€ «(A V B;C), then the successive obstructions to extending 
f lie in the groups H**(A X B,A V B;2(C)), which all vanish. On the 
other hand, let g,h € X B;C) and r#(g) =r*(h). Then the obstructions 
to a homotopy between g and h lie in the groups H‘(A X B,A V B;7;(C)), 
which also vanish. 

Applying (4.1) to A B= Xgpig-2, C—=Xpig-2, one obtains a). 
To verify b), apply (4.1) successively to A= Xa, B= Xq0, C=NXa or Xa, 
In the following diagram, 

r# 
(Xo Xa Xa) V Xe Xa) 


Pat 


Xa;Xa-1) V Xa; Xa-+) 


(ta X (ta V Pa)* 
Tr 


the maps 7* are one-one, and pa: Xa—> Xa-1, ta: Xga—> X¢a-1 are the natural 
fiber maps. Let sa: X¢0— Xa be the inclusion, and ma: XYgaK Xa—> Xa be 
such that r*#(ma) =sa V1. Then, 


(ta V Pa)* (Sa-s V 1) =ta*sa. V = PatSa V pax (1) 


= Pat (Sa V 1). 
Hence, 


(ta X pa) *mMo-1 = paxMa, i-€., Pama = Ma1(ta X pa), 
Letting m = mp,¢-2, and using the last identity repeatedly, one easily verifies b). 


(4.2) Remark. A natural conjecture, which I have been unable to 
prove, is that a stronger form of(3.1) holds. Namely: P is a principal fiber 
map in the sense that P: Xp,¢-2— Xq-1 is of the same fiber homotopy type a: 
a fiber map induced from F(Y)—Y by a map Xy,,2—2 Y. This is particv- 
larly plausible in view of the following: let F—=Xgp.g-2. Then FF =OY", 
and QY may be identified with a subspace (in fact, a direct summand) of 
oY®Y, Furthermore, the “twisting map” [3] of P, QXp,.¢-2— F*¥, composed 
with the homotopy equivalence F¥ >QY®Y can be deformed into a maj 
OXp.g-2—> QY and this latter map can be “de-looped” to a map Xp.g-27!: 


* Added in proof: in the meantime, this has been verified; a proof will appear in 4 
note, “ On principal fibrations.” 
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5. Applications. 

(5.1) THerorem. Let X be a space such that (X)A~0 only for 
nsiS2n—1. Then X is an H-space (tn fact, has the homotopy type of 
aloop-space), if and only if the Whitehead product an(X)® mn(X) — mon+(X) 
vanishes. 


Proof. If X is an H-space, it is a classical result that all Whitehead 
products vanish. Conversely, let [a,8]—0, «,8€ m(X), and let m be the 
multiplication on Xo,-2. Then it follows from (3.3) that k" is a primitive 
element of H?"(Xon-s3mon1(X)). AS Xon-2 is a loop-space, it follows from 
Corollary 6.3 of [15] that &?" is a suspension element, and therefore that 
Xon-1 is a loop-space. Since gon-1:X —> Xon1 is a homotopy-equivalence, the 


theorem is proved. 


(5.2) THrorem. Let X bea space such that m(X) = Z and x(X) =0, 
n<i<2®n—1,n odd. Then the Whitehead product mn(X) @an(X) mon+(X) 


vanishes. 


Proof. One may assume, as seen in §3, that 7(X)=—0,i<n. Then 
Xn = Xn Xon2—K(Z,n). Let b€ H,(Z,n) denote a generator; 
then the Pontrjagin product b*b€ Hon»(Z,n) vanishes, [11]. Hence, the 
conclusion follows from (3.3). 

Let L be a graded Lie ring in the sense of Hilton [6]. The following 
interesting problem was pointed out by N. Stein: under what conditions can 
L be realized as the homotopy ring of an arcwise-connected space X¥? The 
example (5.2) indicates that additional conditions are required. 

The applicability of the foregoing theory to the computation of Whitehead 


“ generalized Pontrjagin 


products clearly depends on the computation of the 
product.” This product can be computed in certain simple cases, but no 
general method is known to the author. Such a method would be of con- 


siderable interest. 
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A CHARACTERIZATION OF THE SIMPLE GROUPS SL(2, 2°).* 


By WALTER FEIT." 


1. Introduction. Let G be a finite group of order g. For a prime p 
| which divides g, let S, denote a Sylow p-group G. In this paper we will study 
| groups which satisfy the following condition. 


(*) The group G has even order, and for any element u of order two in 8S, 
the centralizer of wu is contained in the centralizer of Sz. 


The groups SL(2, 2%), consisting of all two by two unimodular matrices 
with entries in the finite field of 2¢ elements, satisfy condition (*). For 
a>1, SL(2, 2%) is always a simple group. The main purpose of this paper 
is to prove that conversely, the groups SL(2,2¢) with a>1, are the only 
simple groups which satisfy condition (*). The following more general 
result is proved. 


THEOREM 1. If the group G satisfies condition (*), then at least one 
of the following statements is true: 


(1) very Sylow 2-group of G is cyclic. 
(II) The Sylow 2-group of G ts a normal subgroup of G. 
(III) The group G is the direct product of a group D of odd order and 
a group L which is isomorphic to SL(2,2*) for some a>1. 
It is well known that a Sylow 2-group of a simple group cannot be cyclic, 


hence Theorem 1 immediately yields the characterization of the groups 
SL(2,2¢) mentioned above. 


CorotLaRy. Let G be a non-cyclic simple group. The group G satisfies 
condition (*) if and only if G is isomorphic to SL(2,2*) for some a> 1. 


The following two results can easily be deduced from Theorem 1. 


THEOREM 2. Let G be a group of order 49’, where g’ is odd. Assume 
that the intersection of the Sylow 2-group S, with any other Sylow 2-group 
of G has order one. Then 8, is either cyclic or a normal subgroup of G, or G 


* Received April 1, 1959. 
1 National Science Foundation Fellow 1958-59. 
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is the direct product of a group D of odd order with a group L tsomorphic to 
SL(2,4). In particular, if G is a simple group, then G is isomorphic ty 
SL (2,4), the simple group of order 60. 

THEOREM 3. Suppose that G is a non-cyclic simple group of even order 
with abelian Sylow 2-groups. Furthermore, assume that for every element u 
of order two, the centralizer of u is nilpotent. Then G@ 1s tsomorphic to 
SL(2,2°) for some a>1. 

As a special case of Theorem 3, one gets a result recently proved by 
M. Suzuki [6], which states that the groups SL(2,2*) with a > 1 are the only 
non-cyclic simple groups of even order in which the centralizer of every 
element of order two is abelian. This result contains earlier results of 
R. Brauer, M. Suzuki and G. E. Wall [2] as special cases. The assumption 
that the Sylow 2-groups of G are abelian is essential in Theorem 3, since for 
example, the simple group PSL(2,7) of order 168 has the property that the 
centralizer of every element of order two is nilpotent. However PSL(2,7) 
is not isomorphic to SL(2,2*) for any value of a. 

After some preliminary results have been proved in Section 3, the proof 
of Theorem 1 is broken up into two cases. The first case is handled in 
Section 4 and depends on a theorem proved in a previous paper [5]. The 
second case, which is handled in Sections 5 and 6, depends on some arith- 
metical properties of characters which are developed in Section 6. 


2. Notation and prerequisites. For any subset 7 of a group G, C(T), 
N(T), | T | will mean respectively the centralizer, normalizer, and number of 
elements in T. For a cyclic subgroup T = {x} of G, C*(T) =C*(z) will 
denote the subgroup of G consisting of all elements y in G with yry =x or 
xz, It is easily seen that [C*(x): C(x)] 2. An element of order two is 
called an involution. An element z which is conjugate to its inverse is said 
to be real.? It is easily seen that if an element z is real, then either z? =1 
or [C*(z): C(x) ] =2. 

For any complex valued functions &, £ on G, the hermitian product 
(&, €)@ is defined by 


1/9 


and the norm by 


Il = (£15 


The subscript G will be dropped in cases where it is clear from the context 
which group is involved. 


2? See [1] for these definitions. 
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A group which contains a proper normal subgroup M with the property 
that no element in M@ — {1} commutes with any element not in M, is called a 
Frobenius group. The subgroup M is called the regular subgroup. Elemen- 
| tary properties of such groups can be found in [4]. 

At the beginning of Sections 3, 4, 5, and 6 some hypotheses are stated. 
/ ach lemma in any of these sections is assumed to satisfy the hypotheses 
stated in the beginning of the section containing it. 

Finally we state here without proof some well known properties of the 
| group SL(2, 2%) which will be needed later. 


LemMA 2.1. Let L bea group tsomorphic to SL(2,2*) for some a> 1, 
let S, be a Sylow 2-group of L. Then L ts a simple group of order 
with the following properties. 


(i) S24 the direct product of groups of order two. Any two elements 
in S.— {1} are conjugate in N(S2), | N(S2)| =22(2*—1). 


(ii) Any two distinct Sylow 2-groups of L generate L. 


(iii) When considered as a permutation group on its Sylow 2-groups, 
Lis triply transitive and no element leaves three Sylow 2-groups fixed. 


(iv) If x is not in N(S2), then N(S2) is a cycle group 
of order (2°—1). 

(v) JL contains a cyclic group K of order (2*-+-1) and a cyclic group 
| () of order (2°—1). Every element in L is real, N(K) =C*(K), N(Q) 
=(*(Q). Every element in L of order greater than two is conjugate to an 
element either in K or in Q. 


| 8 Preliminary remarks. If Theorem 1 is false, then there exists a 
group of minimum order which satisfies condition (*) but for which the 
conclusion of Theorem 1 does not hold. Throughout the remainder of the 
"paper, the following will be assumed. 


Hypotussis. The group @ of order g satisfies condition (*) but not 
the conclusion of Theorem 1. Furthermore the conclusion of Theorem 1 holds 
_ for any group of order strictly smaller than g which satisfies condition (*). 


The remainder of the paper is devoted to deriving a contradiction from 
this Hypothesis. 

It is easily seen that every proper subgroup of G of even order satisfies 
condition (*), and hence the conclusion of Theorem 1. Furthermore g is 
' divisible by 4. 
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Lemma 3.1. A Sylow 2-group S. of G is abelian of order 2°>2. Ifz 
is any element not in N(S.), then 820 = {1}. C(82) for 
some group H of odd order. If S, contains q involutions, then [N(S2): C(S,)] 
=4q and any two involutions in S, are conjugate in N(S.). Furthermore, 
the only real elements which commute with an involution are ivolutions or 


the identity element. 


Proof. The first two statements are self evident. It follows from a 
theorem of Burnside ([3], p. 327) that C(S.) =S. X H. 

Suppose 28.7714 82, let u, v be involutions in S,. It is immediate 
from condition (*) that no involution commutes with both v and zuz-, hence 
by [1] Lemma 3A, v is conjugate to rua, therefore v is conjugate to u. 
Any two involutions in S, are conjugate in G. If u, rua are both in S,, then 


28,2", 


therefore z must be in N(S.). Any two involutions in S, are conjugate in 
N(8:). 

The group V(8.) acts as a transitive permutation group on the q involu- 
tions in S2, hence [N(S.): C(uw)]—q for any involution we By 
assumption C(u) =C(S,). 

If x is real and r€ C(u) for some involution w€ S82, then z€ C(S,). 
Therefore [G: C(x) ] is odd, hence C*(x) =C(ax). Consequently 2 =" as 
was to be shown. 


LeMMA 3.2. Every coset of C(S.), other than those in N(S-), contams 
exactly one involution. 


Proof. The number of involutions in G is [G: C(S-.)], since by Lemma 
3.1 any two involutions are conjugate in G, and by assumption C(u) =((S:) 
for any involution The group N(S8.) contains involutions and 4 
cosets of C(S.), hence the lemma will be proved once it is shown that no coset 
of C(S.), other than C(S.), can contain more than one involution. Suppose 
u, v are distinct involutions and uC(S.) =vC(S.), then uve C(S2). Br 
Lemma 3.1, uv is an involution, hence S,, and we C(uv) =C(S)). 
Therefore uC (S.) =vC(S.) =C(S.) as was to be shown. 


Lemma 3.3. For y€ N(Sz), either C(y)C N(S2) or y commutes with 
an involution not in S.. If y is a real element of order greater than two 
N (S82), then C(y) C N(82). 


Proof. Suppose some element not in N(S.) commutes with y, then by 
Lemma 3.2, this element is of the form zu, where x€ C(S.), and w is a 
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involution not in Sz. Consequently hence =y 
It is easily seen that the commutator subgroup of {y}C(S2) is contained in 
((S,). Since ywy is an involution, this implies that y-*uyu is a real element 
in C(S2). By Lemma 3.1, y*uyw=—1 or yuyu is an involution. In the 
latter case yuyu € S, and w€ N(S82), hence w€ Sz. This is impossible, there- 
fore ytuyu—=1, hence y€ C(u). 

For a real element y of order greater than two, C(y) cannot contain any 

involution by Lemma 3.1, hence C(y) C N (S82). 


Lemma 3.4. N(S2) contains at least (g/qce(S2)—1)(q—1) real 
elements, where c(S2) =| C(S2)|. 


Proof. Let uy, Us, V1, V2, be distinct involutions not in N(S8.) such that 


u,N = (82) 0,N (S2) = v2N (82). 


Suppose that Then is a real element in N(S.), and 
uh, v, are in C*(y). Hence u,v,€C(y). Therefore by Lemma 3.3, 
; uv,€ N(S.) which is impossible by the choice of uw, and 2. 

By Lemma 3.2 each coset of N(S.) distinct from N(S82) contains q 
involutions. For such a coset, let - Ug be the involutions in u,N(S.2), 
then * are g—1 distinct real elements in N(S.). By what 
has just been proved, w,w,740,0; for any 1, 7 where v,N(S2) =v,;N (S82) is a 
coset of N(S,) distinct from u,N(S.). Therefore N(S.) contains at least 
(9/qe(S2) —1)(q—1) distinct real elements. 


Lemma 3.5. If G contains a subgroup L which is isomorphic to SL(2, 2°), 
then N(L)=LXC(L)? 


Proof. The group N(L) is triply transitive when considered as a group 
of permutations on the Sylow 2-groups of LZ. Let C be the subgroup of N(L) 
| consisting of those elements which leave three Sylow 2-groups S., S’2, S’’. 
fixed, then N(L) —LC and 


C= N(82)N N(8'2)N N(8”2). 
Let Q’, Q” be defined by 
Q’=N(S82)N N(S82)N L, Q” =N(S82)N N(8"2)N L. 
By Lemma 2.1, Q’ and Q” are cyclic groups of order g==2*—1. If x€C, 
then it is easily seen that x€ N(Q’)N.N(Q”)N N(S2). By Lemma 2.1, 
C(82)N = C(S82)N Q” = {1}. 


*The arguments used in Lemmas 3. 5, 3.6 and 3.7 are similar to those used in [6) 
for the proof of some analogous lemmas. 
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By Lemma 3.1, [N(S2): C(S2)]—=gq. Hence Q’ and Q” are isomorphic to 
their images in N(S.)/C(S2). Therefore no two distinct elements of Q’ or 
Q” are conjugate in N(S.). Hence x€ C(Q’)NC(Q”). Therefore x con- 
mutes with every element in the group generated by Q’ and Q”. Since (, 
Q” are both contained in N(S.)ML, it is easily seen that they generate 
N(S2)N L. Hence r€ C(S.). By a similar argument C(9’,), therefore 
2€C(L) since 8, and 8’, generate L. This shows that C C C(L), therefore 
LO(L) =N(L). Clearly LN C(L) = {1}, and C(L) is normal in NV (ZL). 
Hence V(L) =LZ C(L) as was to be shown. 


Lemma 3.6. The group G cannot contain a proper normal subgroup of 
odd index. 


Proof. Suppose G, is a proper normal subgroup of G of odd index. 
By assumption, the Sylow 2-groups of G, are not cyclic. If S, is a normal 
Sylow 2-group of G , then S, is characteristic in Gp, hence normal in 4G, 
contrary to hypothesis. Therefore by the induction hypothesis, Gp = L x D,, 
where L is isomorphic to SZ(2, 2%) and | D,| is odd. Since L is the subgroup 
of G, generated by all involutions in Go, L is characteristic in G) and therefore 
normal in G. Lemma 3.5 now yields that G = L X D contrary to assumption. 


Lemma 3.7. The group G cannot contain a proper normal subgroup of 
odd order. 


Proof. Let Gp» be a minimal proper normal subgroup of G with | G, 
odd. By Lemma 3.6, G contains no proper normal subgroup of odd index. 

Let S, be a Sylow 2-group of G, S.G,) is a group. If G—8S.G, then no 
two elements of S, are conjugate. By Lemma 3.1, this implies that 8, 
contains only one involution. Since S, is abelian, it must be cyclic contrary 
to assumption, thus 8.G,~G. It is clear that SG, cannot contain a sub- 
group L isomorphic to the simple group SZ(2,2*%). Since 8, is not cyclic, 
the induction hypothesis implies that S, is a normal subgroup of S.Go, hence 
S2Go—=S.X Go. This shows that every involution is in C(G)). If G i 
not in the center of G, then C(G,) is a proper normal subgroup of odd inde, 
which is contrary to what has been assumed. Therefore G, is in the center 
of G. 

If 2? € Go, x not in Go, then z= uy, where 2, € G, and wu is an involution. 
If yry*G,)= 2G, then yuy*G)—=uG, since u is a power of x. Therefore 
yuy* =u is the unique involution in uG. If we S., then y€ C(S2), hence 
the group G/G, satisfies condition (*). If the Sylow 2-group of G/G i 
normal in G/G@, then 8. X Gy is normal in G, thus S, is normal in G which 
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was assumed not to be the case. Since S, is not cyclic, the induction assump- 
tion implies that G/G@,—L x D, where L is isomorphic to SL(2,2*) and 
|D| is odd. The assumption that G@ contains no proper normal subgroup 
of odd index implies that G/G,) = L. 

Since G, is in the center of G, every subgroup of G, is normal in G. 
The minimality of G, now implies that G, has prime order p. Let Sp be a 
Sylow p-group of G. Suppose Sp Gp, therefore p divides (2¢ + 1) or (2*—1). 
In either case S,/G, is a cyclic group, hence Sp is abelian. If S,— Gp, then 
8, is also abelian. Since G, is in the center of G, it is certainly in the center 
of N(S,). A theorem of Griin ([7] p. 173) now implies that G has a normal 
subgroup of odd index p, which is impossible. This completes the proof of 
the lemma. 

The following two cases will now be treated separately. Case I will be 
taken care of in the next section by using a result from a previous paper [5]. 
Case II will be handled in Sections 5 and 6. 


Case I. For every y in C(S8.) — {1}, C(y) C N(82). 


Case II. There exists an element y in C(S,) — {1} such that C(y) is 
not contained in N(S.). 


4, The proof for Case I. Throughout this section it will be assumed 
that G satisfies the hypothesis of Section 3. Furthermore, if y € C(S.) — {1}, 
then C(y)C N(S.). It will be shown that these assumptions lead to a 
contradiction. 

Let | C(S2)| | V(S2)| =n 


Lemma 4.1. {1} unless x€ N(S.). 


Proof. If y€ C(S2)N then both S, and are contained 
nC(y). By assumption either y=1 or C(y)C N(S,). Therefore if 
| 5, and are both contained in N(S8,), hence = 8, and N(Sz). 


Lemma 4.2. If y is real, y2A1, then all elements in C(y) are real. 


Proof. By Lemma 3.1, | C(y)| is odd. Let u be an involution in C*(y), 
then {u} is a Sylow 2-group of C*(y). Let Oo= C(u)nc*(y). If 
aC for some x€ C*(y), then z€ C(S.)M where is 
_ the Sylow 2-group of G which contains u. If 2341, then Lemma 4.1 implies 
that N(S.). Therefore, 


x € N(S2)N O*(y) C C(u)n C*(y) = Cy. 
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Consequently = {1} unless Cy. This implies that no element 
in C, commutes with any element of C*(y) —C >, consequently Cp C(y) = {1}. 
Therefore by [1] Theorem 4B, every element in C(y) is real. 


Lemma 4.3. If y€ C(S2)— {1}, then C(y) C C(S82). 


Proof. If cy=yz, C(S8,), then by assumption N(S2). Hence 
it may be asumed that 2?€ C(S,) for some prime p. 

For any involution u not in S2, {x}C(S-2)u is a union of p cosets of C(S,) 
and therefore contains p involutions by Lemma 3.2. Let u, v be distinct 
involutions in {z}C(S.)u. Then z,—vwv is a real element in {z}C(S2). By 
Lemmas 3.1 and 4.2, C(z)NC(S.) = {1}. Therefore {7}C(S82)N C(x) 
= and has order p. Since is isomorphic to its image in 
{z}C(S8.2)/C(S2), no two elements in {2} are conjugate in {z}C(S8.). 
Therefore 

N {z}C(S2) =C {2}C(S2) = {0}. 


This implies that {z}C(S.) is a Frobenius group, consequently no element 
in C(S,) — {1} can commute with any element of {z}C(S.) —C(S2). This 
contradicts the choice of x and proves the lemma. 


Lemma 4.4. The group G cannot satisfy all the assumptions stated at 
the beginning of this section. 


Proof. No element of C(S.) —{1} commutes with any element of 
N(S8.) — C(S2), hence (g,c) = 1. Lemma 4.1 now implies that g = gc(1 + kc) 
for some integer k=1. It follows from Lemma 3.4 that 


(9/ge—1)(q—1) Sqe—c= (q—l)e. 


Therefore gSqce(1-+c). Since k 40, g=—gqce(1+c). It is now easy to 
see that G is a doubly transitive permutation group on the (1-+c) conjugates 
of C(S.). The next step is to show that no non-trivial permutation leaves 
three conjugates of C(S8,) fixed. In other words if N,, N2, Nz are distinct 
subgroups conjugate to N(S.), then Nz = {1}. 

As (q,c) =1, Lemma 4.1 implies that the order of V,M N, divides 4, 
and therefore no element of VN, M N. commutes with any involution G. Since 
N, is its own normalizer, and every coset of N, contains involutions, there 
exist involutions wu, v such that VN, —uN,u, N3=vN,v. Therefore uN,u =, 
and vN,v = N,, hence wu is in the normalizer of N,N2, and v is in the 
normalizer of N,N;. Consequently {w}(NiM Nz) is a group. If y is a0 
element of NV, No, then u€ C*(y), since no element of N,N N, commutes 
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with any involution. Therefore if y€ Ni N2M Ns, both wu and v are con- 
tained in C*(y), hence C(y)C N, unless y—1. Cunsequently uN,u 
=vN,v if yA1. This is impossible, therefore V,N N2N Ns; = {1}. 
The group @ now satisfies the hypotheses of [5] Theorem 1. Hence c 
' is a power of some prime. Since ¢ is even, this implies that C(S2) = S82. 
The group S. is abelian of order 2+, therefore by [5] Theorem 1, g = 4(2*—1). 
Since g divides 2*—-1, this implies that g = 2*—-1. A theorem of H. Zassen- 
' haus (see [8]) can now be applied to show that G is isomorphic to SL (2, 2*). 
' This is contrary to the assumption stated at the beginning of this section. 


5. Case II. The group Q. Throughout this section it will be assumed 
that the group G satisfies the hypothesis stated at the beginning of Section 3. 
' Furthermore, there exists an element y in C(S,) — {1} with the property 

that C(y) is not contained in N(S,). Consequently the results of Section 3 
may be used. 
The group C(y) contains S2, but S, is not normal in C(y). Since y has 
' odd order, Lemma 3.7 implies that C(y) AG. Consequently by hypothesis 
C(y) =L X Do, where | Do| is odd, and L is isomorphic to SZ(2,2*). By 
Lemma 3.5, N(L) =L X D for some group D of odd order. Let | D| =—d, 
then d > 1. 
| By Lemma 2. 1, 8, is the direct product of groups of order two, and N (S.) 
_ contains a cyclic subgroup Q of order g—=(2*—1) in which every element 
is real, 9M C(S.) = {1}. By Lemma 3.1, 


[N (82): C(S82) ] (2*—1). 
Lemma 5.1. N(L)=N(D)=NXD. 


Proof. As G@ contains no normal subgroup of odd order, N(D) ~G. 
| Hence by induction N(D)—L XD, for some group D, of odd order, 
LXDCLXD). Since L is normal in LX L XD, C N(L) D. 


Lemma 5.2. If x is not contained in N(D), then xDa*n D= {1}. 
If D. is a subgroup of D of order greater than one, then N(D,)C N(D). 


Proof. Let Dp 2Dz-, suppose ~1. Therefore L, are 
both contained in N(D,.). As @ has no proper normal subgroup of odd order 
| V(D,) 4G, hence by induction N(D,.) contains exactly (2¢+ 1) Sylow 
*-groups of G. These must lie in LM hence L and r€ N(L) 
=N(D). The second statement is clear. 


Lemma 5.3. C(S.)=S XH. Either H=D or H is a Frobenius 
group whose regular subgroup M has order m and | H | = md, (m,d) =1. 


| 
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Proof. By Lemma 3.1, C(S2) =S2X H. Lemma 5.1 implies that 
N(D)N O(82) = D)N C(S2) = 82 X D, 


therefore VN(D)N H=D. If DAH, then by Lemma 5.2, D intersects no 
conjugate non-trivially and is its own normalizer in H. Therefore H has the 


required properties (see [3] p. 334). 


Lemma 5.4. If MA {1}, then N(M)—N(S8.). If My any non- 
empty subset of M, Mo {1}, then N(M,)C N(8:2). 


Proof. Since (m,2¢d) =1 and M is normal in C(S,), it follows that 
M is characteristic in C(S.), hence normal in N(S.), N(S2)C N(M). Let 
M, be a non-empty subset of M other than {1}, suppose NV (M,) is not contained 
in N(S8.). Since S, C N(M,), the induction assumption implies that there 
is a subgroup L, of G, isomorphic to SL (2,2) such that N(M,) = L, X 
where M, C M,. Since VM, H, it follows from Lemmas 5.1 and 5.3 applied 
to N(Z,) that the normal subgroup of H generated by M, is equal to H. 
This is not the case since M,C M. Consequently, N(M,)C N(S2) as was 
to be shown. 


Lemma 5.5. If y€ @— {1}, then C(y) =Q X D, and C*(y) =C*(Q) 
= {u}(Q X D) for some involution u in C(D). 


Proof. By Lemma 3.3, C(y) =QDM>, where M, C M and no element 
of DM, is real. Consequently no coset of DM, in C*(y) can contain more 
than one involution. There is no involution in C(y), hence C*(y) contains 
at most q involutions. Lemma 2.1 now implies that C*(y) contains exactly 
q involutions, all of these lie in C(D). If Myo {1}, then eDx* FD for 
x€ M,— {1} and by the same argument as above every involution lies in 
C(zDz*). Let u be an involution in C*(y), then {D,zDz*} C C(u). The 
group generated by D and zDz™ contains some element y € M, — {1}, there- 
fore u€ C(y). This contradicts Lemma 5.4 since wu is not in N(S,). 


Lemma 5.6. If x 1s not in N(Q), then QN cQx = {1}. 


Proof. Let Qo=QN2Qz", suppose Qo~ {1}. Since Q is cyclic, % 
is Qo, let Qo—={y}. By Lemma 5.5 


C*(y) = {u}(Q XD). 


Hence all the involutions in C*(y) lie in {u}Q, by a similar argument they 
also all lie in {u}zQa-. Therefore all the elements which are a product ot 
two involutions in C*(y) lie in QNzQz?—Q). Since C*(y) contains 4 
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involutions, it contains at least q distinct elements which are the product of 
two involutions, hence |Q.|=q. Therefore Qo. and re N(Q). 

Lemma 5.7. No element of Q—{1} commutes with any element of 
M={1}. (qm) =1. 


Proof. QM has a normal subgroup VM, 9M M= {1}, and Q intersects 
no conjugate non-trivially. By Lemma 5.5 


N(Q)N QM CN(Q)NN(S2) =C(Q) =Q X D. 
Hence 


N(Q)N QM C(Q X D)N QM =9Q. 
Therefore QM is a Frobenius group with regular subgroup M. This 
proves the lemma. 


Lemma 5.8. Q is contained in exactly two conjugates N,, N2 of N(S2), 
V,NN2=QXD=C(Q). N(QXK D) =C*(Q). 


Proof. Let N,=WN,No,- - -,Nx be all the conjugates of N containing 
(. Since NV is its own normalizer it follows from Lemma 3.2 that for each 
i=2,--+-+,k, there exist g involutions - -,Wig such that Ni. 
Therefore iui; N,, hence 


uy (Ni N Mi) = NIN 
Lemma 3.3 implies that 
D=C(Q)CNiNM. 
Since (qd, 2¢m) = 1, 
NiNNiN(M X S82) = (M X 82)N wy (M XK S82) = Mo. 


Since uj; is in its normalizer, M, must have odd order, hence M, C M. There- 
fore by Lemma 5.4, M, = {1}, consequently 


QxXD=N,NN, 


Therefore each of the involutions uj is in N(Y XD), N(QXD) acts as a 


| transitive permutation group on N,,- --,N,. The subgroup leaving N, fixed 
| is V(QXD)NN;. Since no element whose order divides 2¢ can be in 

this subgroup, V(Q D)NN,=Q XD. Hence |N(Q X D)| =kqd, and 
| 4(QXD) contains at least g(k—1) involutions. The Sylow 2-group of 
; V(QXD) is obviously not normal, since elements of Q are conjugate to 
| their inverse in N(Q XD). Hence the induction assumption implies that 
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there is only one class of involutions in N(Q XD). Let wu be an involution 
in C*(Q), then {u} X DC C(u), hence | C(u)| = 2d, therefore N(Q x D) 
contains at most kqd/2d involutions. Therefore g(k—1) S $qk, hence k <2. 
Since V(Q X D) ~Q X D, this implies that & = 2 which suffices to prove all 
the statements of the lemma. 


Lemma 5.9. If y€ Q, Q X D, then =y or y*. In particu- 
lar, N(Q) =C*(Q). 

Proof. If N(S82), then zyz*S,M —yS.M, since 82M is a normal 
subgroup of N(S,) and yS.M is in the center of N(S2)/S.M. Therefore 


=y, as (Q X D)N = {1}. 
If z is not N(S.), then = z,u, where 2) € C(S2), and wu is an involution 


not in Therefore 
y€ N(82)N = N(82)N uN (S82) u. 


By Lemmas 3.3 and 5.8, this implies that 
QXDCC(y)C N(S2)N uN (S2)u=Q X D, 


and therefore N(Q XK D) =C*(Q). Consequently uyu-, = y and 
== Since N(S8z), the first part of the lemma implies that 


Loy 
Lemma 5.10. If y€QXD and y is real, then ye Q. 


Proof. If z*yx=y", then z is not in N(S.), hence t—2z,u, where 
x € C(S,) and wu is an involution not in S,. Therefore 


y€ N(S2)N N = N(82)N uN (S2)u. 
By Lemmas 3.3 and 5.8, this implies that 
C(y) C N(82)N uN (82)u—=Q X D 
and therefore we N(Q K D) =C*(Q). Consequently 
Lo UT = uy we Q X D. 


Since £,M is a normal subgroup of N(S8.) and (2¢m, qd) =1, this implies 
that there is an element z,€ Q X D such that 2,-1yz,—=2,)"1y2o. Therefore 
= € C*(Q) and 


Lo YL, = UL, = ULy = Tyr = 


However Lemma 5.5 implies that the only elements in Q X D which are con- 
jugate to their inverses in C*(Q) are in Q. Hence y€ Q. 
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Lemma 5.11. If y€QXD and C(y) is not contained in N(S82), 
then y€ D. 


Proof. By Lemma 3.3 there is an involution v€ C(y), hence y€ C(v). 
Since the order of y is relatively prime to 2¢m by Lemmas 5.3 and 5.7, y is 
contained in a subgroup D, of C(v) of order d. All subgroups of order d are 
conjugate to each other in C'(v), hence D, is conjugate to D. Since Q C C(y), 
Lemma 5.2 implies that Q C N(D,). As Dp contains no real elements and 
every element of Q is real, QM D)»={1}. Since N(Do) =Lo X Do, where 
L, is conjugate to L, there exists a subgroup Q, of Ly of order gq such that 
QD, = Qo X Do. Lemma 5.9 implies that Q = Qo, hence Dy C C(Q), therefore 


D=C(Q) =Q X Do. 


There are g involutions in C*(Q)N C(D) and qg in C*(Q)N C(D,). By Lemma 
5.5, there are only g involutions in C*(Q). Therefore for any involution u 
in C*(Q), {D, Do} C C(u). Since | C(w)N C*(Q)| —2d, this implies that 


{u} X D=C(u)N C*(Q) = {u} X Do. 


Consequently D = D, is the set of all elements of odd order in C(u)M C*(Q). 
Therefore y€ Do =D. 


LeMMA 5.12. (g,d)=1 or m==1. If m1, every Sylow subgroup 
of D ws cyclic. 


Proof. We will first show that if m ~ 1, then no element of (Q x D)— {1} 
commutes with any element of M— {1}. Suppose this is not the case and 
there is an element y€ (Q X D) —{1} such that y commutes with some 
element of M— {1}, C(y)O MA {1}. By Lemma 5.2, x D) —D, 
hence Lemma 5.11 implies that C(y)C N(S.). Let u be an involution in 
C*(Q), then 

(S82), 


and uDu=D. Since 
MnNuNu=M nN uMu = {1} 


by Lemma 5.4, C(y) is not contained in uNu. Hence by Lemma 5.11, y€ D 
which contradicts an earlier statement. 

It now follows from [4] Lemma 2.1 that QDM is a Frobenius group 
whose regular subgroup is M. A theorem of Burnside ([3] p. 336) implies 
that every Sylow group of Q@ XD is cyclic, since gd is odd. Therefore 
(q, d) =1. 
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LemMMA 5.13. g = q2%dm(1-+ 27m). 


Proof. It follows from Lemma 5.10 that the only real elements in 
QD are in Q. There are 2¢m subgroups of N(S8,) conjugate to Q x D. 
For each subgroup D, conjugate to D, there are 2¢ conjugates of Q in C(D,). 
If and M— {1}, then QD = {1}, since otherwise by 
Lemma 5.12, the intersection would have to contain elements of either D or 
Q which is not the case. A simple computation now yields that N(S.) con- 
tains at least 2¢dm + m2*(qd—-qg—d--1) non-real elements. Hence NV (8,) 
contains at most 2¢m(q—1) real elements. 

Since the intersection of S.M with any conjugate distinct from S,M has 
order one, it is easy to show that g = q2¢md(1 + k2¢m), where k is an integer 
with k=1. It follows from Lemma 3.4 that 


(g/q2¢md —1) (q—1) S2*m(q—1). 


Hence g qg2%md(1+ 2¢m), therefore g = q2¢md(1 22m). 
We will now state an omnibus lemma which summarizes most of the 
results in this section that are needed for the proof of Theorem 1. 


Lemma 5.14. 
(i) (q,d) =1. 
(ii) Every Sylow subgroup of D is cyclic. 
(iii) If y€(QXD)—D, then zyz*€Q XD only if C*(Q). 
(iv) N(QX D) =C*(Q) ={u}(Q XD) for some involution u. 
(v) If y€(S2X D) —D—S,, then ryx*€ S2X D only if 
re N(S.X D). 
(vi) D) =QS8. X D. 


Proof. If m=1, then g=|LXD|, hence G=L XD contrary to 
assumption. Lemma 5.12 implies that (q,d) —1 and that every Sylow sub- 
group of D is cyclic. 

If y€(Q X D) —D, then since (g,d) 1, some power yo of y is in 
Q@— {1}. Hence Q X D, therefore by Lemma 5.9, C*(Q). State- 
ment (iv) follows from Lemmas 5.5 and 5.8. Statements (v) and (vi) are 
immediate consequences of Lemma 2. 1. 


6. Completion of the proof for Case II. Throughout this section the 
group G will be assumed to satisfy the hypothesis stated at the beginning of 
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' Section 3. Furthermore, there exists an element y in C(S.) — {1} with the 
| property that C(y) is not contained in N(Sz). Consequently the results of 
Sections 8 and 5 can be used. 

Our aim is to reach a contradiction. Once this has been achieved it will, 
| together with Lemma 4.4, complete the proof of Theorem 1 in all cases. 

Let D’ denote the commutator subgroup of D. By Lemma 5.14 and 
the results of [7] page 175, (| D’|,[D: D’]) =1, and D’ and D/D’ are 
cyclic groups, D4 D’. Let p be a prime which divides [D: D’], let D, be a 
Sylow p-group of G. It is a simple consequence of Lemma 5.2 that no two 
elements in D, are conjugate, and every subgroup of D, is contained in the 
- center of its normalizer. By Lemma 2.1, LZ contains a cyclic subgroup K of 
order (2°-+1). Let K, denote the Sylow p-group of K, let K,°, D,° denote 
' the subgroup generated by all elements of order p in Ky, Dy respectively. The 
major portion of this section is devoted to showing that N(K,° X D,°) C L X D. 
Let D, be the normalizer of D,° in D, | D,|=d,. Let S, be a Sylow 

p-group of G which contains Ky X Dp. 


Lemma 6.1. K,°> {1}. 


Proof. If K,° = {1}, then by Lemma 5.2, N(D,)C LX D. Hence D, 
isa Sylow p-group of G. Since D, is contained in the center of its normalizer, 
' atheorem of Burnside ([3] page 327) implies that G contains a normal sub- 
group of index p, this contradicts Lemma 3. 6. 


LEMMA 6. 2. 
N(K,° X D,°)N(L X D) = {u} (K X D,) = N(K,° X C(D,°), 
where u is an involution in C(D,). Furthermore, if 
(K,° X D,°): N(K,° X D,°)N(L X D)| =h, 


_thenhSp. h=p if and only if Ky X Dp ASp, in that case there are exactly 
) subgroups of Ky° X D,° which are conjugate to D,°, and they are all con- 
| jugate to D,° in N(K,° X D,°). 


Proof. The first statement follows immediately from Lemma 2.1. Since 
K,°, are both cyclic, X D,° contains exactly p+ 1 subgroups of 
order p. Every element of K,° is real, no element of D,°— {1} is real, 
therefore there are at most p subgroups conjugate to D,° in K,°XD,°. If 
= yD,°yt, then N(D,°), therefore This shows 
that h = p. 

If h=p, then K, XD, is not a Sylow p-group of N(K,° X D,°), there- 
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fore Ky X Dp, Sy. Conversely suppose that Kp X Dp Sp, then Ky X D, is 
a proper subgroup of a Sylow p-group of N(K, X D,). Since K,° X D, is 
a characteristic subgroup of Kp, X Dp, this implies that Kp X Dp is a proper 
subgroup of a Sylow p-group of N(K,° X D,°). Therefore h is divisible by p, 
hence h=p. As N(D,°)C L XD, D,° has p conjugates in K,° X D,’. 


Lemma 6.3. Suppose that for some element x in D,°— {1} there exists 
an element z with zzz1€ K,° X D,°. Then there exists an element y such 
that == yay), LX D, and y€ N(K,° X D,’). 

Proof. Assume first that Kp X Dp) =S,. Then ([7] page 169) there 
exists an element y€ N(K,xXD,) such that yry*=—2zzz". Therefore 
zty€ C(x), hence LX D,. As X D,° is a characteristic subgroup 
of K, X Ds, ¥¢ N(K,° X D,°). 

Suppose now that K, X D,~S,. By Lemma 6.2 there exists an element 
y N(K,° X D,°) such that = yD,°y", hence z*y€ N(D,°). There- 
fore z1y€C(D,°), since D,° is in the center of N(D,°). Consequently 
zty€ LX D, and = yry". 

Let A» be the trivial character of L XK D,°, let AHAy be a character of 
L X D,° whose representation contains Z in its kernel, hence A(1) =1. Let 
do*, A* be the characters of G induced by Ao, A respectively, and let « = A,* —\*. 
Let 8 be the character of G induced by the trivial character of N(S.). 

We wish to show that h—1, where h has the same meaning as in 
Lemma 6.2. This wil be done by using arithmetical properties of a and £ 
which will be established in the next few lemmas. 


LemMMA 6.4. a(z)B(x) =0 unless x 1s conjugate to an element in one 
of the following three sets: (Q K D,°) —Q—-D,°, (S2X —S82—D,’. 
D,° — {1}. 

Proof. It follows immediately from the definition of «, that «8 vanishes 
on elements not conjugate to an element of (ZX D,°)—L. Hence by 
Lemma 2.1, if «(7)8(r) 0, then or 2??* = 1, or — 1. 

If 2?—1, then z is conjugate to an element of QXD,°. Since 8 
vanishes on elements whose order divides g, z is conjugate to an element of 
(Q X D,°) —Q—D,°, or of D,°— {1}. A similar argument shows that if 
1, then x is conjugate to an element of D,°) — S2—D,° or di 
D,° — {1}. 

Suppose 21) 1, then z is conjugate to an element of K x D;’. 
Since is conjugate to an element of D. Hence by taking 
jugates it may be assumed that there exists an element y with 


DN y(K X 
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Hence x? € yKy™, therefore 2 is real. Since 2€ D, this implies that 2? —1. 
Therefore x is conjugate to an element Dy. Since D, is cyclic, this finally 
implies that x is conjugate to an element of D,°. As a(1) =0, «1. 


Lemma 6.5. 


(2d:/p){1—A(z)} if TE(Q XK Dy”) —O—D,° 
= 1 (d,/p){1—A(z)} if r€(S2 X D,°) —S2—D,° 
| (28 + 1)a(z) if D,°— {1}. 


Proof. It follows from Lemma 5.14 that if 2 and yzy* are both in 
(Q X —Q —D,”, or in (S2 X —S2—D,°, then y€ N(Q X D,°) or 
y€ N(S2 X D,°) respectively. Lemma 5.14 also implies that V(Q X D,°) 
={u}(Q X D,), where wu is an involution in C(D)N C*(Q), and N(S2 X D,°) 
=(QS,D,. Since D,° is in the center of both these groups, the values of 
a(z)B(x) for in (Q X —Q—D,)° or z in (S2 X —S2—D,° are 
easily computed to be those in the statement of the Lemma. If r€ D,°— {1}, 
then C(x) = LX D,, therefore it follows from the definition of B, that 


= (28-41). 

Lemma 6.6. Consider the class of subsets of G which consists of all sets 
conjugate to one of the sets (Q D,°) —Q—D,°, (S2 X Dy’) —Q—D,’, 
D,°— {1}. No two of the sets in this class have an element in common. 


Proof. If x is conjugate to an element of (Q X D,°) —Q—D,°, then 
the order of x is odd and has a factor in common with qg. If x is conjugate 
to an element of D,°) —S.— D,°, then the order of z is even. If z is 
conjugate to an element of D,°— {1}, then the order of z is relatively prime 
to 2g. Hence a set in this class can intersect only its conjugates. It follows 
from Lemma 5.14 that neither (Q X D,°) —Q—D,° nor (S82 D,°)—S. 
—D,° has any element in common with any of its conjugates. Since 
| D,°| =p, the statement is trivially true for D,°— {1}. 


Lemma 6.7. (Q X D,°) —Q—D,° has g/2qd, conjugates, D,°) 
| —S—D,° has g/q2%d, conjugates, D,° — {1} has g/q2%(2* + 1)d, conjugates. 


Proof. By Lemma 5. 14, | N(QX D,°)| = 2qd,, | N(S2 X | = 92*d,. 
By Lemma 5.2, N(D,°) =L X D,, hence | (D,°) | = + 1) d,. 


Lemma 6.8. The expression 


(1/92*) [ (1/ds) (2) — (1/p) —A(2)}] 


rational integer. 
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Proof. It follows from the definition of « and £, that (a,B)q is a 
rational integer. Since «(z) —0 for x€ S, or rE Y, Lemmas 6.4, 6.6 and 


6.7 imply that 

(9/294) a(x) B(z) 

(QXDp°)-Dp° 
(2) + a(z)B(z) 
(SeXDp°)-Dp® 
+ (g/q29(2* + 1)d:) 8(2)]. 

Lemma 6.5 can be used to compute each of the terms appearing in equation 
(2). We get 
(1/2qd:) a(x) B(x) 

(QXDp°)-Dp° 


(3) 
=(1/pq) & {1—A(z)}— (1/pgq) & 1—A(z)}, 
QXDp° Dy? 


(1/g2*d:) 
(4) (S2XDp°)-Dp® 
= (1/q2p) {1—A(x)} — (1/q24p) (1 — A(z) }, 
S2XDp° 
(5) (1/q22 (22 + 1) di) 2(2)B(z) 2 @(2). 


Since A is a character of S. < D,° whose representation contains S, in its 
kernel, it follows that 


(6) (1—A(#)} = (1/qp) EA —A(2)}. 
If equations (3), (4), (5), and (6) are now substituted in (2) we get that 
{1—A(z)} 
(1/q2%p) & {1—A(z)} + (1/92%d:) a(z). 


The first term on the right hand side of equation (7) is the inner product 
of the generalized character 1—. of Q X D,° with the trivial character of 
Q X D,°, hence it is a rational integer. Therefore the sum of the last two 
terms on the right hand side of equation (7) is a rational integer. This sum 
is precisely the expression in equation (1). This proves the lemma. 


Lemma 6.9. For z€ D,° 


(8) = (dh/p) = (da/p) 


where y:,;°**,Yn are coset representatives of the h coset of C(D,°) ™ 
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Proof. If z=1, then both sides of equation (8) are zero. Assume 
tl, let 2:,22,° - - be a set of representatives of all the left cosets of L & D, 
in G with L X D,°. For each z;, there exists an element L X D,° 
such that (2:2;)r(z2;)* € Ky X D,°, since Kp X D,° is a Sylow p-group of 
LXD,°. As K,°XD,° contains all elements of order p in Ky X D,°, 
is in Ky° X Since 22; is in the same left coset of LX D, 
as z;, it may be assumed by a change of notation that 2x2; € K,° X D,° for 
all z;. Lemma 6.3 implies that for each 2 there exists an element y; in the 
same left coset of DX D, as 2, such that ywyzt'—-2e2;1 and y is in 
N(K,° X D,°). Let wi,we,- > + be a system of coset representatives of D,° 
in D,. Then by Lemma 6.2 the set of elements yw; is a system of coset 
representatives of {u}(K X D,°) in N(K,° X D,°), and 


Lemma 6.10. N(K,°X D,°)C LX D. 


Proof. It follows from Lemma 6. 2 that it is sufficient to show that h = 1 
in Lemma 6.9. It is easily seen that 
(10) = A(z). 

yi Dp 
The definition of A implies that the restriction of X to K,° & D,° is a character 
of degree one whose kernel is K,°. Hence the restriction of A to any proper 
subgroup of K,° x D,°, distinct from K,°, is not the trivial character of that 
subgroup. As every element of K,° is real and no element of D,° — {1} is 
real, y,;*D,°y; for all y;. Therefore equation (10) implies that 
(11) = —0. 
D,® yi" 

If the value for a in equation (8) is substituted into equation (1), and equation 
(11) is taken into account,, we get by Lemma 6.8 that the expression 


(1/42) [(—1) + (1/p) ((1/p) 


= (h—1)/q2* 


is a rational integer. However Lemmas 6.1 and 6.2 imply that hp 
S (24+ 1), therefore (hk —1) =2*%. This together with equation (12) finally 
shows that h 1 which suffices to prove the lemma. 


Lema 6.11. The group G cannot satisfy all the assumptions stated at 
the beginning of this section. 


t 
f 
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Proof. Since K,° X D,° is a characteristic subgroup of Ky X Dp, it fol- 
lows from Lemma 6.10, that N(K, X D,)C L XD. Therefore Sp = K, X D, 
is a Sylow p-group of N(S,), hence Sp is an abelian Sylow p-group of G. 
By Lemma 6.1, D,° is in the center of N(Sp), therefore ([7] page 173) G 
contains a normal subgroup of index p. This contradicts Lemma 3.6 and 


completes the proof. 
As was shown earlier, Lemma 6.11 is sufficient to complete the proof 


of Theorem 1. 
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DECOMPOSITION INTO FOUR INTEGRAL SQUARES IN THE 
FIELDS OF 2! AND 33.* 


By Harvey CoHN. 


1. Introduction. In a startling paper in 1928, Fritz Gotzky [3] proved 
that every totally positive integer in the field of 54 is representable as the 
sum of four integral squares at least once, by proving an exact formula 
analogous to the formula for the number of representations of a positive 
integer as the sum of four rational ini2gral squares. Just as the latter formula 
was proved by Jacobi using ordinary modular functions [4], so was Gotzky’s 
formula proved by using modular functions of two complex variables. 

Gotzky’s paper was only a partial realization of a program of Hecke [7], 
vet it is almost impossible to summarize the work it has influenced [13]. 
One might cite papers of Maass [11,12] developing a special property related 
to 54 and proving for example that three squares suffice instead of four, with 
a formula analogous to that of Gauss [4] for the number of representations 
of a positive integer as the sum of three squares of rational integers. Another 
line of approach [8,15] was to consider in how broad a context (fields, 
matrices, etc.) the transformation theory of theta-functions is applicable. Our 
purpose is basically to show that 24 is as “felicitous” as 54, which seems to 
have been unappreciated in the past. (Indeed, 34 is almost as good.) 

Recent large scale calculations of the author indicated that the field of 
24 is also endowed with the property that every totally positive integer, 


(1) p=a+ be, a> 


_ 1s representable as the sum of four squares if b is even. (Clearly if } is odd 


no such representation can occur). In fact for the extent of the experiment 
(«< 147) even three squares suffice. We make no attempt to pursue this 
matter further here although a conjecture seems warranted [3]. 


In the present paper we prove the following theorem: The number of 
tepresentations A(u) of » as the sum of four squares (with 6 even) in the 
field of 24 is given by B(u) where, by definition, 


* Received May 1, 1959. 
Work supported by Research Grant G-7412 of the National Science Foundation. 
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B(u) =32G(n), 4|N(u), 81 (x); 


= 8G(u), odd, 
B(p) = 484 + 6H 8| V(x), 


(3) 


= >| N()|, (v) (v) odd, 
A(x) (v) |, 16|N(v). 


Here we use the symbol (vy) | to indicate that all factors that constitute the 
same ideal (v), or differ by a unit factor, are counted only once. Since } is 
even then N(y) can not be even unless 4|N(y). The sum H(,) will be 
vacuous if (xz). 

The proof we present will follow the familiar pattern of Gotzky’s proof 
in that the fourth power of a theta-function will be shown to satisfy the same 
transformation group as an Hisenstein series, yielding the formula (2) from 
coefficients. The basic difference is that the transformation of the theta func- 
tions follows a somewhat different pattern in R(24) than in R(54) owing to 
the fact that the residue class ring mod 2 in R(24), (unlike the residue clas 
ring mod 2 in R(54)), has a zero divisor, namely 2%, yielding two “ infinite” 
elements, 1/0 and 1/24. Gdtzky’s procedure for locating the zeros of the 
theta-function can be simplified somewhat, requiring less knowledge of the 
fundamental domain that arises. Because of the detailed estimates carrie( 
out by Gétzky for R(54), the reader can be spared the repetition of majorizing 
estimates. 

On the basis of further numerical work, the author would readily con- 
jecture [3] that the decomposition into four (in fact three) quadratic integral 
squares is likewise valid in #(34). Here an effort will be made to match an 
Kisenstein series to the corresponding theta-function with the result that the 
difference of the two functions is a cusp form which is not identically zero (as 
compared with the case of R(24) and R(54)). The cusp form is still of some 
intrinsic interest since in addition to providing an approximation (in the 
sense that a cusp form has “small” coefficients), the cusp form provides 
number-theoretic identities which seem scarcely provable otherwise. 


2. Notation, fundamental domain. We follow the usual custom of 


using Roman letters for rational integers, Greek letters for algebraic intege™ 
(which may specialize to rationals), as well as some special symbols, such # 


(4) 


+ si, s>0, 
— Si, 
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for the two complex variables. We use the symbols a, 2’, etc., to denote 
conjugate quadratic integers. Hence in the natural manner we generalize the 
concepts of norm WN and trace VN, e.g., 

((ar + B)/(yr + 8)) = [Car + + + BY 8°) 

We consider only the fields R(D*), where D = 5, 8,12 the field discrimi- 
nant corresponding to 54, 24, 34. These are real quadratic fields for which 
the Euclidean algorithm is valid. We consider the (unimodular) group ®p 
of transformations 


(6) Gp: (ar +8), + +8’) 


represented by the single matrix ¥ ), which is to be unimodular, i.e., 


43 — By = a’8’ — B’y’=1 and of course a,e’ etc., are integers in R(D4). 
For convenience we shall use matrix form with the understanding that the 
negative of a matrix is identified with the matrix. 


THEOREM 1. The group Gp is generated by the matrices 


), 


> where the « are fundamental units: 


«= 4(1-+ 54) for D=5, 
(7) e=1-+ 23 for D=8, 


e=2-+ 38 for D=12. 


Gétzky restricted his proof to D = 5, which has the distinction that one 
can do away with ©,, since © —=©,7*NG,U". Otherwise the proof is no 
different since it is based wholly on the Euclidean algorithm: If 8 and y 
(40) are two integers of R(D+), an algebraic integer vy evists such that 
<|N()]. 

Now under the equivalence classes set up in Gp the four-dimensional real 
(or two-dimensional complex) manifold of (r,7’) is generated by operations 
on a fundamental domain. Using Gétzky’s construction for R(54), we can 
say generally, the fundamental domain is a connected set in which the 
following inequalities are valid: 


—$S8(r/D) <3 
—$SS8(er/D) <3 


i 

the 

is 

be 
oot 
om 
n- 

10 

ass 

the 
the 0 

ied 
and 
ing 0 
oll- 
ral 

au 
the & 

(as 
yme 

the 

des & 

of 
rey's 
as 

(9) 
8 


304 HARVEY COHN. 


The inequalities (8) are ensured by the presence in the group & of all 
translations ©,°6.’ or r>r+(a+be). Here, in each case «—e’ = Di, 
The inequalities (9) are a result of the repeated application of U. These 
inqualities are not sufficient to determine the “floor” of the fundamental 


domain. For our purpose it is sufficient to use the estimate 
(10) ss’ = 2/D 
which together with (9) yields lower bounds for s and s’, namely 


(10a) ss 

= |e |(2/D)8. 
Applying the transformations S,, S,, and U to a set of points satisfying (10a), 
we can (in a simple way) obtain, with Gétzky, a fundamental domain lying 
inside the region determined by inequalities (8), (9), and (10a). We 
recapitulate the most important part of our result, to obtain the following: 


THEOREM 2. Every pair of complex numbers (7,7’) ts equivalent under 
the group ®p to a pair for which the imaginary parts are bounded away 
from zero, and the fundamental domain lies in the region defined by (8). 
(9), and (10a). 


The most difficult part of the proof is estimate (10) which we shall 
prove under the assumption that the real quadratic field has unique factoriza- 
tion. If we specialize the original method of Blumenthal [1], we know only 
ss’ > 1/4D. 


LemMMA. [f wo, and are two pairs of complex numbers which 
are not proportional, e.g., if the “areas” defined by 


A =| Rew, Im w, — Im a, Re a | 


and the corresponding A’ are ~0, then a patr of algebraic integers (y,5) 
exists for which the function 


(11) T = | yor + 802 |? + | + |? 
satisfies the relation 
(12) 0<Ts 

Proof. Use the integral coordinates 2, y, z, w 


(13) 
§=z+ we, 
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and T becomes a positive definite quarternary form in 2, y, z, w. Writing 


{ yo, + 0. = +18 


(14) yoy’ + R’ is’, 


we can say 7 = R?+ S?+ R?+ 8”; but 
| y, 2, w) /0(R, 8, R’, 8’) | 
= |[0(2,y, z, w) /0(y, 8, 7’, 8’) ] - 7’, 8) /0(R, 8, 8’) ] 
= [1/(e—e’)?] [1/44’], 
and thus the determinant for the form T = T(z, y,z,w) is D?N(A)*. Hence 


using the constant 24 supplied by Korkine and Zolatoreff [9], we obtain the 
relation (12), proving the lemma. 

To achieve the theorem, note that T= | 2N (yo: + 8w2)|, for all (y,8). 
The same inequality is even stronger if we remove the common factor (if any) 
of (y,8), thus rendering in new symbols (y,8) =1, with 


(15a) (2DN (A) | 2N (yor + due) |. 


If we let = 1, = 1, we’ = 7’, we find N(A) —ss’, and if we find 
the pair of integers a, 8 for which a85— By —1, then 


(15b) | N(A/(yor + 802) )| =| W{Im( (ar + B)/(yr +8) )}I; 


which makes relation (10) a consequence of (15a) for the equivalent + 
defined by the unimodular transformation written in (15b). Q.E.D. 

In this proof we assumed only the unique factorization properties in order 
to make «#— By—=1. On the basis of the bounds deduced here, we can 
show this fundamental result: 


THEOREM 3. Any function of two complex variables which is invariant 
under the group Gp and which has no finite singularities is a constant. 


Gotzky’s proof applies admirably, thanks to Theorem 2. A more general 
proof appears in Maass [10] and Koecher [8a], but our results are more 
easily seen as extensions of Gétzky’s proof than as specializations of the latter 
proofs. (Incidentally, a weaker theorem requiring boundedness at infinity 
would have caused no difficulty in our present application!) Finally, following 
Gotzky, we apply symmetric functions to prove an extension: 


THEOREM 4. A finite set of functions of two complex variables which 
‘re permuted under the group ®p and which have no finite singularities are 
constants, 
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One noteworthy feature of Gdétzky’s proof is the use of the fact that 
from the translation group operations ©, and ©,, the modular function has 


an expansion 
(16) F(r,7’) = Ao + > A, (v7/D?) ], 


where y is restricted to totally positive integers. In some cases it will happen 
that A,—A, which we describe as a symmetric function, but we do not 


make this a requirement on F(z, 7’). 


8. Theta-functions. We consider, initially, an arbitrary real quadratic 
field of discriminant D and fundamental unit «. We define the theta-function 


of + and 7’ of type p, o as 
(17) = Dexp(at)S{ (vo + (v + p/2)*r)/D¥} ; 
Imr>0,Im7r’ <0; 


where v runs over all integers of R(D#). The significance of this function 


lies in the fact that 
u>>0 


where » >> 0 denotes the quadratic integers that are totally positive, (i.e., for 
which » > 0, >0), and A(z) denotes the number of representations of 
as the sum of four squares. Now, unfortunately, ®*(0,0;7) is not a modular 
form under group ®p but it is permuted with the set @*(p,0;7), which is a 
finite set since the values of @(p,a;7) depend only on the residue class of p 
or omod2. The very formal estimates of Gétzky for D=—5 establish the 
absolute, uniform convergence of the series (17) for the fundamental domain. 

The transformations of (17) are next considered for the generators of Gp. 


First of all, trivially, 


(19a) U: O(p, a; = O(pe, 7). 


Next, using the famous Poisson-Lipschitz formula (31), below, we find 


(19): @(p,031/r) = exp[— (po/D3) ]@(—o, p37) 


Here N(r)#= (rr’)* is chosen as the positive branch when +,7’ are purely 
imaginary. To obtain the effect of S, and ©, we must specialize the informa- 
tion further. If we assume D is even, 


©1: O(p,0;7 +1) —exp[4rt8 (p?/D5) ]O(p,0 + p57). 


(19¢c) 
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Likewise 
(19d) Ge: @(p, 057 —exp[4xiS (p%e/D4) ]0(p,0 + ep +e +157) 
under the further assumption (embracing both D=8, D=— 12), 


(20) 3 


We do not need to use all possible © functions. First let us consider 7 
a representative of the residue class given by 


=0 mod2 


(21a) 70 mod 2. 


Such an 7 is, by definition, =1-++«(mod2). In specific cases 


(21b) 


n= 24 for D=8 
n= 1+ 38 for D—12. 


Now we can restrict ourselves to these four types, basically reducing “ mod 2” 
to “mod 7”; 
(22) = @(dn, cn; 7) 3c, d=0, 1 (mod 2). 
Then, referring to the generators of Gp, we find 
U: Of4,.(er) = 
: = N (7)?, 
51: +1) = 
Ofac(7 + = (7). 


This system of equations, together with the fact that each @,,,(7) is bounded 
as Imr, —Im7’— oo and is free of singularities, defines a set of modular 


forms of dimension — 2 belonging to the Gp. 
More generally if S is a transformation of Gp, we would find 


(24) S: O14,-(Gr) = (yr + 8)?, 


where Sr = (a7 + B)/(yr +8) (in lowest terms) and d’, c’ are linear inhomo- 
geneous combinations of d and c modulo 2 (which need not be specified more 
generally). A set of four modular forms with these indices, subject to these 
transformations is said to transform like @*),o(7). The transformations pre- 
serving the indices d’==d—=c’ =c=0 form a sub-group §p of index 4 in 
Gp containing S,, T, and U, but not G,. (See Section 6, below). This set 
of conjugates is then said to belong to Sp. 
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The conjugates are achieved by the following operations on @‘o,9(r) : 
(24a) Ge: + €) = O%,1(7), 
(24c) STS, : +1) (7). 


It can be seen that as Imr, —Im7’—>0 

(25a) @*o,0(7) > 1, 

(25b) > 1, 

(25c) @*,0(7) > 0, 

(25d) @*, 0. 

This can be done by writing out terms and noting uniform convergence. 


The fourth power of @4,-(7) is incidentally seen to be the least for which 
all the factors of transformations (19b,c,d) become unity. Note that the ,’ 
occurring in (19c,d) is always divisible by (2) —(»), in the set-up of 
equation (22). 

The reader will note that the situation here is considerably simpler than 
that of Géotzky where D=5 and [Gp: Sp] =10. There 10 theta-functions 
occur! (The condition is even more difficult for a general field [8]). 


4. Eisenstein series. Following Hecke’s method we define the Hisen- 
stein series in + and 7’, abbreviated 


(26a) Ax(r) [vr+p], vk =p mod 2. 
where we use the symbol 

and in particular 

(26c) [+] (rr’)-? | rr’ |-**, ete. 


and the indices of summation “(v),~” mean, as before, that only the ideal 
(v) is represented, (associated numbers are not repeated), while » runs over 
all quadratic integers satisfying the indicated congruence. Clearly Ax(z) 
depends only on the residue class of x mod 2. 

Now Gotzky’s paper has a complete discussion of majorants (requiring 
only Theorem 2 and applicable without effort to the present case). The 
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manipulations themselves are more distinctive, however, and will need to be 
summarized here. We introduce the symbol, for each D, 


Then if «+40 mod, 
u=0 (v),40 


(v)=(20) vk=pmod 2 


=6/16"*[7]+ 


v=x-! mod 2 


mod 2 


Thus 
(2%) {An (r) + £4/16*} = + «40 mod 
By similar manipulations, we take «x ==0 mod 2 and find 
{Ao(2r) + £¢/16***} = + 
Now, finally, if y|« and 2{x, (noting mod 2), we have 
(27c) {An(qr) + €x/16***} = 1/7) + 
In the last formula it will be convenient to have 
m =—2 


as is clearly the case with formula (21b). 
In addition to the indicated “inversion” type formulae we have the 
translation formula 


(29) Ax(7-+ p) =Axsp (7), 
and the unit formula (noting mod 2), 
(30) Ax(e?r) = Ax(r). 


The formulas (27abe), (29), and (30) take care of transformations fT, 6,*S.° 
and UW respectively (where p=a- be). 


5. Expansion into Fourier series. Now the translation formula (29) 
assures us that a double Fourier Series for Ax(r) can be found since 
Ax(t-+ 2p) = Ax(r). To simplify the procedure of Hecke and Gotzky some- 
what we can use the following result: 
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Porsson-LipscHitz Lemma. Assuming absolute convergence of all indi- 


cated processes: 

(31) = (1/D) Ef “O(a, Jaxer’, 
where X, X’ are real variables and yp is a general integer of R( D4). 

Hence we can write, setting p= 2p + rx, 

(32) Ax(r) XO 

where 

(33) Q(p, p’) = [ (vr + x) /2 + p]. 


According to estimates parallel to those in Gétzky, the limit as k—> 0 can be 
performed under the integral sign in (31) and the method of residues can 
be brought into play. Each double integral is of the type 


(34) ft (vr + vx) /2 + exp(— dX 


It is easily seen that the first factor is zero unless yu > 0 since Imr > 0 while 
the second factor is zero unless vn’ > 0 since Im7’ < 0, and in each factor 
the contour will be deformed to infinity. The residue of (exp Az)/(z+ 8B)? 
is easily seen to be A exp(— AB) at the pole z—— B. 

Thus combining all the foregoing results and letting k—> 0, we see that 
for the four residue classes x (mod 2) 


(35) lim Ax(7) = (2*/D°/*) Fx (7) («=0,1,y,1+ 7), 
where 
(36) Fe(r) — exp[xiS (vep/D¥) Jexp[xis ]| N(u)|. 
Hence if we introduce the additional constant 
(37) Cp = (D*?/16n*) 1/N (v)?, 
(v) 
we find that the new functions 
(38) = Cp + Fx(r) 


will inherit valuable invariance properties from formulae (27%abc), (29), and 
(30) ; (see the next section). 


310 
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We first evaluate Cp. By the well-known algebraic zeta-function pro- 
cedures if p denotes the prime ideals of R(D4), 


(89) (D*#/16z*) TT (1—N(p)*) 
= il il (1— (D/p) 


where (D/p) is the Jacobi-symbol and p runs over rational primes. Since 
for the ordinary zeta-function £(2) = 7/6, 


(40) (D*#/96x*) (D/a) 


But since (D/q) = (D/D—gq), we can let Q run through half the residue 
classes mod D. Thus, from the familiar expansion, 


(41) 3/(sin 2Q/D)* = 3 1/(Q/D 
=D{ i/¢?+ 1/q’}. 
0 q>0 


q> 
q=Q mod D q=-Q mod D 


Thus, finally, using the symmetry on Q, 


(42) Cp = (1/192D?) (D/Q) /sin? xQ/D. 
Q=1 


In particular Cs and 1/24. 
6. New modular forms. We now define in addition to yx(r) of formula 
(38), the additional functions 


= 16y(4r) 
(7) = (27) 


yielding y,(7) for a set of A consisting of the finite elements (mod 2) 
(44a) x= 0,1, 7,6, 

and the “infinite” elements oo, 1/y to make a complete set (mod 2) 
(44b) A= 0, 1,9, 61/7, 0. 


We then have the following rules by virtue of relations (2%abc), (29), (43), 
using x (=a- be) to denote a finite index and A to denote a general index: 


(45a) + x) = dna (7) = Sx), 
(45b) = (r7) (11), 


r 
it 
ad 


312 HARVEY COHN. 


We can verify furthermore that y.(2r) is itself invariant under all generating 
transformations of Gp. 
More generally we can write for any transformation © of Gp 


(46) vr(Sr) = (y7 + 8)?, 


where Gr = (ar + 8)/(yr +5) in “lowest terms” (as is usual). Here the 
symbol Sd always has meaning since each A, finite or infinite, can be expressed 
as the ratio of two finite element not both divisible by y, A=«:/x2. Then ©) 
can be expressed in terms of homogeneous transformations on «x, and x, in 
which numerator and denominator are never both=0 mod by the unimodular 
nature of the determinant. The equation (46) definies a modular form of 


dimension — 2. 
We therefore have a system of six functions y(r) permuted by the trans- 


formations of Gp. If we wish to match @*,,(7), we must first find a linear 
combination invariant under the transformations of ©,, T, UW (but not neces- 
sarily S,, as shown in equations (23a-d)). Since the sets of values A = 0, 1, 
and A= v7,¢,1/y are permuted under these transformations, it follows that 


the functions 

(47a) (7) = Yo(7) + + 

(47b) Q2 (7) = + + 

(47c) Q3(7) = 

are modular forms of dimension —2 which are invariant under the trans- 


formations ©,, and U. 
We can now verify the forms are not independent but 


(48) 2,(7) + Qe(r) = 2403(7). 


This can be done by the actual examination of the Fourier Series of formula 
(36). For we must show 


Yo(t) + a(t) + elt) + a(t) + (27) + 16 Yo (47) = 24y0(2r). 
The constant terms are easily taken into account. Then we consider 
We find 


(49) y*(r) =4Cp + {2 exp[tS ] }exp[miS ]| N(x)! 
vu >>0 
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It is easily seen that the “{- - -}” expression is 0 unless vz is even in which 
case it is 4. In fact if yw—a+tbe, {- - -}—[1+ (—1)*][1+ (—1)?]. 
Hence identity (48) reduces to the new identity 


(50) (7) + (27) + (47) = 24y0(2r). 


Now we let 2A yy in y*(r) and Avy in the other terms and we find that 
the identity (50) is the following (easily demonstrable) results when referred 
to the coefficient of exp[2iS (Ar/D3) ]. 


If 4 | +0 = 24> | N(v)|. 
(v)|2A (v)|A (v)|A 

it 4B | M()| +0 —24 
(v)|2r (v)|A (v)|r 


(v)|2d (v)|A (v)|2 


It will turn out on the basis of later results that Q,(7r) and Q;(7) form 
a basis of modular forms of dimension —2 belonging to §p the group of 
@,.0(r), (which will yield the desired expression for @*)9(7)), when D=8. 
This is not true when D=12. One special linear combination of 0,(7) and 
0;(7) is of special interest in any case, namely 


(51a) Qoo(r) = (12Cp)*[Yo(r) + a(t) + Yo(t) — Gyo (2r) J. 
Its importance becomes apparent if we define Qg, to transform like ©*;,. 
as in equation (24abc) : 
(51b) (7) = (12C + + — 
(51¢) = (12Cp)*[We(r) + + — 6po(27) ], 
(51d) = (12Cp) + + — 6yo(2r) J. 


We then can state that Q(7) is the only linear combination whose “ constant 
terms” (as in 25a-d)), for all conjugates Q4,(7), match those for @*,,(r). 
We can say more concisely that all cases are comprised in this one formula: 


(52) Qae(r) = (12Cd)* [Yrs (7) + (7) + Yen (7) — (27) J. 


Thus we have obtained a set of functions Q4(r) which behave at o and 
which transform like @*;,,(r) under the generating transformations (23a-d) 
of Gp. 

Once we know that the sub-group §p is equally well determined by ,0(r), 
we can conclude that an arbitrary transformation r— (ar B)/(yr +8) 
of Gp belongs to Sp if and only if a, 8, y, § are congruent to rational integers 
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modulo 2. From equation (52), Sp must depend on the arithmetic of the 
indices of ¥(r) and a, B, y, 'modulo 2, and the rest is a matter of inspection, 
In particular §p contains S,*. We leave open the question of whether or not 
Sp is generated by S,, and U for D=8 and 12. 


7. Zero manifold for 2'. We next establish the result that within the 
fundamental domain, if V(«) ——1, the manifold 


(53) er == 
provides the only points at which @,,,(7) vanishes, while the other three @,,,(7) 
are non-vanishing at finite points. We shall prove this result, essentially as 
Goétzky proved for D—5, by an appropriate rearrangement of terms. Our 
proof will be specialized for convenience to D=8 but the method will be 
clearly more general. 

We first of all establish the result that in the fundamental domain if 
Im+r and —Im~7’ each approach infinity (under the restrictions (9)), then 
the zeros (53) are ultimately those described in the statement. No difficulty 
is present by @, according to statement (25a). We introduce the new 
notation 
(54) he = exp| iS (7/8?) he = exp[7iS (7/84) | 


and we find with b23, 


a,b 


We write a— 2b—a-+ 1 in order to take advantage of a natural symmetry. 
This changes the exponent on h, only: 


a,b 


Averaging, we find 
(56) 2@1,6(7)/(1 + (—) he) 


a,b 
where 


We find that the summation in (56) is similar to that of ©,,, except for 
the factor fa». But since | A,| <1 by condition (9), 


| fa. | S |[2(6—a) +1] [20 4 1]], 
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a factor too small to upset the uniform convergence of the theta-function. 
Hence the uniform convergence transfers to equation (56). Even more 
remarkable is the fact that by virtue of the factor f,,, the series in (56) has 
f asymmetry property (which the series in (55a) does not possess), namely: 


a,b 2b+1>0 2b+1>0 2b+1<0 204+1<0 
2b-2a+1>0 2b-2at1<0 2b-2a+1<0 


while all four partial sums are equal. Hence the new series 


2b+1>0 
2b-2a+1>0 


begins with the constant term foo (=2), which must be the limit of the 
| series as Imr, —Im+7’—>oo in accordance with (9). The left hand side, 
furthermore, supplies the zeros of the theta-function as given by 1+ (—)*h. 
| =0,4,=0, he =0. The only zeros lying in the fundamental domain are 
easily seen to be those of (53) for c—1, i.e., zeros of 2;,1(7), at least in the 
limiting case. 

We can then easily verify that all zeros are now known, and not just those 
for large Imr, —Im~7’. The manifold of zeros is defined by ®,4(r,7’) =0 
| which, taken as a mapping function of the r-projection into the 7’-projection, 
| is open at every point owing to the absence of singularities as well as the 
absence of “exceptional” points (where, say, 0@,..4(7,7’)/0r=0 in +’ when 
't=1)). Therefore the + and 7’ projections of the zero manifold of (say) 
' ®,-(r) must extend to infinity if there is even one such point in the funda- 
_mental domain. Points near infinity are excluded, however, negating the 
| existence of any zeros of @,-(7). We likewise can take care of the function 
in (59), ete. 


8. Behavior on the zero manifold. We next consider a general modular 
| form of dimension —2 which transforms like @*),.(7). We call the modular 
form = o,0(r) and define =,a(r) in accordance with the laws (24) 
governing We shall prove that if 0 as Imr, —Im7r’> 0, 
then using the new coordinates, 


(60) 


=—eu+, 


| the function =,,,(r) vanishes with order of magnitude v* on v=0, (which is 
manifold (53) of course). 
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The proof is similar to Gétzky’s for D5 but we must outline the steps 
for D8 for later comparison (with D—12). Call 
(61) r(u, v) = 2, 1(r1,7’) 
and call 
(62a) T;(w) = (0/dv) *T(u, 0). 
Then we define j as the integer (j =0) for which 
(62b) Ty(u) =: - -=T;(u) =0; Ty (u) 0. 
Now, taking cognizance of the relations (deduced from (23)), we find 


(63) = (7) 


These relations can be differentiated with respect to v, (i.e., 0/0v=0/ir 
+ 0/ér’) with the ensuing substitution v0. Then it is seen that for any t 
from 0 to 7 inclusive 


T;(u) as Imu—oo. 


(64) 


41) =r(u) 


By accounting for singularities according to a well known method [2] we find 
j= 4, since the smallest ¢ for which relations (64) define a non-vanishing 
modular form occurs where 2¢ + 412 and I,(w) is zero or else proportional 
to the twenty-fourth power of the Dedekind eta-function H(w), defined as 


(65) H(u) —exp(ziu/12) (1—exp(2ninu) ). 


The earlier =T,(w) =T.(u) =T3(u) =0, of course. 

Thus it follows, for D = 8, that for the 2(r) just described 2o,o(r)/@*0,0(7) 
generates a set of four modular functions under Gp which possess no finite 
singularities. Hence by Theorem 4, this ratio is constant. 


9. Results for 2%. There are several different types of results subse- 
quently available for D=8. 


Basis THEOREM. The modular forms of dimension —2 belonging to 
the unimodular group Gp form a vector space of dimension 1 with basis 
element Yo(2r) =Q3(r). Modular forms of dimension —2 belonging to the 
unimodular group Sp form a vector space of dimension 2 (for example, with 
two basis elements, chosen from @*o,o(7), 21(7), Q2(r), Qs(r) ). 
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Proof. Clearly the first statement is a specialization of the second one. 
All we need note is that if &(r) is any modular form of dimension — 2, then 
for some k, —Qs3(r)-& vanishes, as Imz7, —Im7r’—o, yielding a 
function which is a multiple of @*,,.(7) as shown in Section 8. 


DECOMPOSITION THEOREM. If p—a- 624 is a totally positwe integer, 
then A(u), the number of decompositions of » into four squares, is given by 
the formulae (2) and (3) if b is even (and ts zero tf b ts odd). 


Proof. By the method outlined above the linear relation is deduced 
from (51) and (52) using Cp—1/48: 


(66) (7) + 4a), (7) 45 (7) (27) Q%,0(7), 
or more generally 
(67) = (7) + (7) (7) — 24y0(27). 


The reader will note that the combination yo(7) + y,(7) is the artifact that 
makes possible the exclusion of all a + 624 with b odd. 


IDENTITIES ON THE ZERO MANIFOLD. If we define the functions T;(w) 
corresponding to @*,,,(7) =4y1(7) + + (27) —24y0(r), we find 
after considerable labor, 


= 2  exp[wiu(a—b)]b*{(— 1)* + (—1)"} D(a + 628) 


a+b24>>0 


(68) +8 3S exp[2riu(a—b) ](2b)*(—)*D(a + 624) 


a+b24>>0 


—12 exp[2mriu(a—b) |(2b)*D(a + 62s), 
a+b24>>0 
where 


(69) D(u) | N(v)| 

(v)|u 
extended over all ideal divisors (v) of ». We interpret 0° 1 in (68) and 
obtain the more concise result, using g =a—b> 0: For each g > 0, 


(0) 


D(2g+b(1+ 24) ) (—1) 


29+b(1+2%)>>0 


dg +o = 


9+b(1+23)>>0 


48r(g),¢=—4, 


Where +(g) is Ramanujan’s notation for the coefficient of exp(2rigu) in 
H**(u), 
The reader will note that Gétzky has results of all three types, at least 
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implicitly, for D5. To recognize the similarity of his identities we rewrite 
his result as 


—24r(g), t= 4, 
0,0<t<3 


(0) 

29+b(1+58) /2>>0 

where 0° is again interpreted as 1 and D*() is the sum function defined like 

D in (69), but limited to divisors (v) for which p/(v) is odd. 


10. Zero manifold for 34 and Hecke’s modular function. To deal with 
the case D 12 we substitute into formulae (22) and (17) the same value 
v=a-+ bn, where »—1- 33 this time (and not 24). Then using the new 
variables 


(72) hy = exp[ztS (7/128) | hy = exp[ iS ], 
we find, by symmetry 


2a+2b+1>0 
2b+1>0 


2a+2b+1>0 
2b+1>0 


Hence analogously with (59) we have 


2a+2b+1>0 
2b+1>0 


where 
(75) [Ay 4. + (—)*hy A]. 
But |hy|S1, | hy |S1 by equation (9). Hence using the argument of 
Section 7, we find that the functions @,,(r) for D412 have as their only 
zeros in the fundamental domain the manifold of zeros of @,,(7), 
(76) r+7’=0, 
found by setting hyt = hy4. 

We next consider the new variables u,v defined by 


7 =—u+uv 


and in particular we ask once more how #,,,(r) will behave on the manifold 
v=0 if B(r) =£..(7) is any modular form of dimension — 2 belonging t 


— 


FOUR INTEGRAL SQUARES. 319 
%p and such that =,,(r) vanishes at infinity. Accordingly, we set I'(u,v) 
=£,(r) and define 
(78a) T;(u) = (0/dv) ‘T(u, 0) 
so that as in (62b), 
(78b) Po(u) =T,(u) (u) = 0; 340. 
From the relations 


+2) 


we find as before T;(w) is a regular function with 


(—1/u) 
T:(u)—>0 as Imu—-o. 


+ 3#) 
(80) 


The relation (80) defines Hecke’s modular function. The fundamental domain 
for the group generated by the operations indicated, namely u— wu + 33, 
u——1/u, is given by the region 


1S |u|. 


— 34/2 = ReuS + 34/2 
with proper identification of boundary points. The angles made at the points 
Up = + 84/2 4-1/2 are 30°. Hence we can see, for example, that the region 
Hst is mapped on to the J-plane, with matched boundary points coinciding, 
by a function I(u) with the following general description: 


const. (w—t)?-+1-+ O(u—1)* as ui 


const. exp(— + O(1) as 
(82) I(u) -| 
const. (uw —Uo)® + O(u— wo)? as U—> Up. 


Such a function is discussed in some detail in Raleigh’s paper [14]. By the 
usual classical method [2] we can show that from the system (80), 


(88) = —1)*I(u) (u)), 
where 


== [(t-+2)/2], [5(t+2)/6], and + 
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Here ¢’” is the degree of the polynomial P,.(Z), with the usual convention 
that for ’” <0, Py(I) =0. We then discover that 71 or 


T,(u) =I1’(u)*/(1(u) —1)*2(u)*- const., 
T3(u) =I’(u)*/I(u) —1) (u)*: const., 


(u) =0 


(whereas all the corresponding functions were necessarily zero for D=8 
and 5). Hence ©,,(r)/@:,:(7) is not necessarily regular unless we can 
further stipulate that T's(w) are o(exp(2riu/34)) as Imu—o. 


11. Results for 34. By following out the pattern of Section 9 as much 
as possible we obtain the following partial results for D = 12. 


Basis THEOREM. The modular forms of dimension —2 belonging to 
the unimodular group Gp form a vector space of dimension 1 or 2, with one 
basis element Wo(2r) =3(r). Modular forms of dimension — 2 belonging 
to the sub-group Sp form a vector space of dimension 3 or 4 consisting of 
@*,.o(7) as well as two of the three functions Q,(r), Qe(r), As(r) (and possibly 
an additional function). 


DecomMPosITION THEOREM. If »=a- b34 (b even) is a totally positive 
quadratic integer, then A(), the total number of decompositions of pw as the 


€ 


sum of four squares, is given by the “ approximation” 


(85) A(u) = $B(u) + E(n), 


where B(y) is given by the same formulae (2), (3), but for R(34), and E(p) 
is an “ error” function, not identically zero. In fact, H(1) =4. The modular 
form of dimension — 2. 


= —Oo,0(r) B(u)exp[ wis (ux/128) ] 
is a “cusp form” in the sense that Za-(r)—>0 at o for each d and c. 


Both of the above theorems are related to each other. The factor } in 
(85) comes from C',,—1/24 (instead of Cy—=1/48) in (51a). The coefl- 
cients are majorized by O(N for g > 3/4, hence easily by 0( 
according to a recent result of Gundlach [6]. Thus for N(y) large enough, 
and possibly all »—a-+ b34>> 0, (6 even), > 0, or four squares suffice. 
An “exact” study of E(u), however seems more promising than economical 
majorizing constants. 
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From the fact that E(») +0, it follows that the vector space of modular 
forms of dimension — 2 belonging to the unimodular group §p is of dimension 
at least 8. The dimension can not exceed 4 since, according to the earlier 
section, the form =(r) completely determined by two projections T,(w). 
T,(u) if &,1(7+) vanishes at oo. It can, however, be ascertained from the 
first term that Zo,o(r) +£Z,,1(7) hence Z(r) is no part of the basis for Gp. 


IDENTITY ON THE ZERO MANIFOLD. Expanding Q,,,(7), and forming 
T,(u) =0 we find, for each a= 1, 


(0) D(a+638) (3 —2(—1)), 
2a+b 38>>0 a+b 38>>0 

where D(m) has, in regard to R(34), the meaning (69). The identity for 

(u =0 is completely trivial. 

If we were to restrict ourselves to symmetric theta functions, as defined 
in Section 2 (above) we would find that the dimension of the vector space 
of modular forms of dimension — 2 belonging to §p is exactly 3 and that of 
, is exactly 2. It is possible to press for more intensive results (as did 
Maass [11] for D = 5), involving modular forms of varying dimension when 
D=8 and D=12 but this will be the subject of a later paper. The usage 


of the theory of modular functions of the Klein and Hecke types seems to 
restrict us to these three values of D. 

The author is indebted to the referee for calling attention to the valuable 
references [6], [8a], and [10] and for other suggestions. 
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COMPLEX ANALYTIC MAPPINGS OF RIEMANN SURFACES I.* 
Dedicated to Professor Marston Morse 


By SHIING-SHEN CHERN.’ 


Introduction. The geometrical nature of the theory of functions in one 
complex variable is a well-known fact and has been particularly emphasized 
by L. Ahlfors (cf. Bibliography). It is also the most natural viewpoint, 
hecause complex function theory should be regarded as the first chapter of 
the theory of complex analytic mappings of complex manifolds and the 
classical study of value distributions is the study of the “size” of the image 
of a complex analytic mapping. We give in this paper a treatment, from 
a purely differential-geometric viewpoint, of complex analytic mappings of a 
Riemann surface (= one-dimensional complex analytic manifold) into a com- 
pact Riemann surface. In the case when the first Riemann surface is a 
compact one with a finite number of points deleted, we derive defect relations 
which generalize the classical relations of Nevanlinna-Ahlfors. In a subse- 
quent paper we will consider the case when the first Riemann surface is a 
| compact one with a finite number of points and a finite number of disks 
deleted. The paper is written for differential geometers, so that concepts 
currently in use in differential geometry are freely used and a minimum of 
function theory will be required. The explicit models of the Gaussian plane 
or the unit disk are avoided. 


1. Hermitian metric on a Riemann surface. Let M be a Riemann 
surface. On M suppose there be an Hermitian metric, which is given, in terms 


| of a local coordinate z= 2 + iy, by 


(1) ds? = h? dedi, 


| where h is real and strictly positive. We suppose h to be of class ('* in the 
| real local coordinates x,y. With the Hermitian metric it is possible to speak 
of the unit tangent vectors of M, the totality of which forms a circle bundle 
| Bover M. We denote by w the projection of B onto M. 


* Received May 18, 1959. 
‘Work done under partial support of the National Science Foundation. 
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To the Hermitian metric there corresponds the associated two-form 
(2) = (1/2)h? dz diz. 


It is a real-valued exterior two-form and is the element of area. 

The Hermitian metric defines uniquely a connection in the bundle B, 
which can be described as follows: Relative to the local coordinate z= x + iy, 
the differentials dx, dy form a base in the cotangent space, and the vectors 
0/0x, 0/dy form its dual base in the tangent space. (Here 0/0x denotes the 
vector such that its directional derivative is the partial derivative with respect 
to x, and the same for @/dy.) As usual we introduce the complex vectors 


(3) 0/dz=4(0/dx—id/dy), 0/02 =}(0/dx + id/dy). 


Then the real unit vectors are given by 
(4) (e*90/0z +- e-*90/0Z) /h. 
In y?(U), where U is a neighborhood in which the local coordinate z is valid, 


z and ¢ can serve as local coordinates. The unit vector (4) defines one and 
only one complex-valued linear differential form 


(5) w, = e-*%h dz, 

characterized by the properties that it is of type (1,0) and gives the value 
one when paired with (4). Let 

(6) w = — dp + 1(d’ —d” Jlogh, 

which is then a real-valued linear differential form in y*¥(U). It can be 
verified that w satisfies the equation 


(7) dw, = w 


and is the only real-valued linear differential form satisfying (7) and having 
the property that »==—d¢, mod dz,dz. This characterization of w has the 
important implication that it is globally defined in B, independent of the 
choice of local coordinates. It is said to define a connection in B. 

The exterior derivation of w gives the important formula 


(8) dumilKe, 


The coefficient K is a real-valued function in M, and is the curvature of the 
Hermitian metric. In terms of a local coordinate z one finds 


(9) K = — (4/h*)6? (log h) /0202 
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which is a well-known formula for the Gaussian curvature in isothermal 
parameters. 

The Hermitian metric is called respectively Euclidean, hyperbolic, or 
elliptic, if the curvature K is constant and is =0 <0, or >0. It is well- 
known that a compact Riemann surface can always be given an Hermitian 
metric of constant curvature, the sign of the curvature being the same as the 
sign of its Euler characteristic. 


2. Poisson’s equation on a compact Riemann surface. Let © be a real- 
valued two-form of class C' on a compact Riemann surface M, such that 


J Q=c>0. An equation of the form 
M 


(10) (1/mt) d’d”u = (1/c)Q 
is called a Poisson equation. Since the equation can be written 
(1/2) d(d’ —d”)u = (1/c)Q, 


it does not have a smooth solution. The following theorem states that the 
equation has a solution with a logarithmic singularity at a given point of W: 


THEOREM 1. Let a be an arbitrary point on a campact Riemann surface 
M. Equation (10) has a solution u(p,a), p€ M, having the following 
properties: 1)u(p,a) ts of class C? in M—a; 2) If zq is a local coordinate 
ata such that z_=0 for a, then u(p,a) —log | 2a| is of class C? in a neighbor- 
hood of a. 


The function u(p,a@), whose existence is asserted in the theorem, is 
determined up to an additive constant, for the difference of two such functions 
is a harmonic function which is everywhere regular on M and is therefore 
a constant. We also remark that condition 2) is independent of the choice of 
the local coordinate z,. For if 29’ is another such coordinate, we must have 


ta! = tof (2a), f(0) ZO. 
Then 


log | 2a’ | = log | za | + log | f(za)|, 


where log | f(z2)| is regular at a. 

To prove the theorem let cv(p,a,b) be a harmonic function, which is 
regular in Jf —a—b, a,b€ M, aA}, and has the singularity log|z,| at a 
and the singularity —log | z,| at b, where z, is a local coordinate at b such 
that z» 0 for b. This function v(p, a, b) is defined up to an additive constant. 
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For b =a we define v(p,a,a) =limv(p,a,b) =const. We shall prove that 
a>b 


the function 


(11) u(p, a) — 


obtained by the integration of v(p,a,b) with respect to b€ M, fulfills the 
conditions of our theorem. 

In the first place we will show that the integral (11) converges. Suppose 
pa. Let U, be a neighborhood about p, with the local coordinate z, and 
with a¢ U,. We can write 


u(p,a) a,b)Q,+ {v(p, a,b) + (1/c)log | |}0, 


(12) | 
—(1/e) f log 


where ¢ is the coordinate of b. The first two integrals in (12) are proper 
integrals, while the third integral is obviously convergent. Clearly the func- 
tion u(p,a) has the singularity log | z.| at a. 

To calculate d’d’u(p,a) it suffices to restrict ourselves to the neighbor- 
hood U,. The first two integrals in (12) can be differentiated under the 
integral sign and are annihilated by the operator d’d”, because the integrands 
are harmonic functions. In U, let 


= 1F dg A dé. 
Then we have 


(1/c) d’d” j- log | zp — {| =— (t/c)d’d” Joe | 2p 


(i/c)dzp \ dip log | 2, —¢ | 


By a well-known computation (cf., for instance, I. G. Petrovsky, Lectures on 
Partial Differential Equations, p. 219) this is equal to — (1/c)rF dz, A di, 
= (zi/c)Q. It follows that d’d”u = (1/c)7iQ, so that w(p,a) is a solution of 
the Poisson equation (10). Similarly, it can be proved that u(p,a) —log | za. 
is regular at a and satisfies (10). 

As an example we give the function u(p,a) in the case that M is the 
Riemann sphere and © is the element of area. We consider the Riemann 
sphere as the complex projective line P,, whose points have the homogeneous 
coordinates Z = (%,2,) and in which there is given an Hermitian scalar 
product 


(13) (Z,W) =(W,Z) +2%,, W=(wo,w,). 
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We will write |Z|—-+ (Z,Z)420. P, has an Hermitian metric of constant 
| positive curvature 4, given by 


ds? [|Z |?(dZ, dZ) — (Z, dZ) (dZ,Z)]/| |*. 


With this Hermitian metric, P, is also a metric space, and the distance d(Z, W) 
between the points Z and W is given by the formula 


(15) cos d(Z,W) =|(Z,W)|/|Z|-| WI. 
We now prove that the element of area is OQ =id’d” log| Z|. In fact, let 
(16) Zo=2/|Z |. 
so that (Zo,Zo) =1. Then 
(17) ds? = (dZo, dZo) = + (Loy); 
and the element of area of P, relative to this Hermitian metric is 


(18) = A + dé, A 
Let 
(19) Wo0 = (dZo, Zo) = + 


Then 2 = — $idwoo. On the other hand, we have 


2|Z|d|Z| = (dZ,Z) + (Z,dZ), 
and 
woo = (dZo, Zo) = (1/| Z|) ((1/| Z|) — (Z/| Z |*)d |Z |, Z) 
(20) = (1/2 | Z|?) {(dZ,Z) — (Z,dZ)} 
= (d’—d” log | Z|. 
It follows that 
(21) Q = id’d” log | Z |. 


An elementary computation gives f Q = 7, which is therefore the total area 


P. 
ot 


Let A= (d,a,), AL=(—4,,a). Since (Z,A+) is holomorphic, 
log|(Z, AL)| is zero under the operator d’d”, and we have 


log(|(Z,A+)|/| Z|-| A |) =—d’d” log | Z| = 19. 
It follows that the function 


u—log(|(Z,44)|/| Z|-| 4 


| 


328 SHIING-SHEN CHERN. 


is a solution of the Poisson equation (10) and has a singularity log | z4 | at A, 
where z, is a local coordinate at A. This is therefore the explicit expression 
of the function u(p,a) whose existence was asserted by Theorem 1. 
Since 
d(Z,A) + d(Z, A+) =d(A, AL) = 7/2, 
we can write 


(23) u = log cos d(Z, A+) =logsin d(Z, A). 


The quantity sind(Z,A) is the length of the chord joining Z and A, when P, 
is realized as a sphere of diameter 1 in Euclidean space. This choice was 
made in the literature by Ahlfors and our discussion gives an intrinsic justifi- 


cation of the choice. 


8. The first main theorem. Let D be a compact differentiable oriented 
domain bounded by a sectionally smooth curve C, and let f: DJ be a 
differentiable mapping. Suppose f({)) =a, € D—C, a€ M, and suppose 
that £, is the only point in a neighborhood of which is mapped into a by /. 
Then we can define an integer n({,a), to be called the order of f at (a). 
which in a sense measures the number of times a neighborhood of a is covered 


by a neighborhood of £) under f. If a is such that f-*(a) is a finite set of 
points belonging to D—C, de define 


(24) n(a)= n(é,a). 

The first main theorem expresses the difference of n(a) and the area of f(/)) 
as an integral over the boundary curve C. 

The definition of n({,a@) is as follows: Since f is a continuous mapping, 
there are coordinate neighborhoods U, V of {, a respectively, such that 
f(U) CV. Let pe, z= be the local coordinates in U, V respectively, 
with £, and a having the coordinates £=0, 20. Denote by Sy and > 
the circles p=» = const. and r «const. respectively, where 7 and « are 
sufficiently small. There is a mapping g (called a retraction in topology): 
V —a—,, which maps a point with the coordinate z= re‘? into the point 
with the coordinate ee’%. Since both D and M are oriented, the circles S», > 
have induced orientations, and we use the same symbols to denote their funda- 
mental cycles. Then gf(S») is a cycle on 3 and is homologous to an integral 
multiple of 3. This multiple, which can be shown to be independent of the 
various choices we have made, is defined to be the order n({, a). 
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The order n(£o,a@) can be expressed by an integral formula. In fact, let 
u(p,a@) be a solution of (10) given by Theorem 1. Let 


(25) A= (1/27) (d’ —d” 
so that dA = (1/c)Q. Denote by 7: 3—> V —a the identity mapping. Then 
jta—— +06), 


where o(¢) denotes a differential form which tends to zero as «—>0. It 
follows that 


n(€,a) = — lim =— lim A. 
€>0 gf(Sn) €>0 jgf(Sn) 


We choose 2 in Theorem 1 to be the element of area of M. The first 
main theorem then follows by the application of Stokes’ Theorem to the 
integral of dA over D. We state it as follows: 


THEOREM 2. Let D bea compact differentiable, oriented domain bounded 
by a secttonally smooth curve C, and let f be a differentiable mapping of D 
into a compact Riemann surface M. If a€ M is such that f*(a)NC=@ 
and that f-*(a) is a finite set of points, then 


(26) n(a)+ f A= (1/e) (1/e)0(D), 


where v(D) is the area of f(D). In particular, if D has no boundary, then 
n(a) = (1/c)v(D). 


Remark. If f is orientation-preserving, then v(D) = 0 and we have the 
| following corollary of Theorem 2: 


CoroLtuary. Let D be a compact oriented differentiable manifold of two 
| real dimensions. Let f: D—M be an orientation-preserving differentiable 
mapping of D into a compact Riemann surface M. The image of D under f 
| covers M completely, provided that the Jacobian of f does not vanish identically. 


4. The Gauss-Bonnet formula and the second main theorem. We now 
apply Stokes’ Theorem to the formula (8). Suppose A be a domain in M 
| bounded by a sectionally smooth curve y. Since (8) is valid in the bundle B, 
; and not in M, we have to “lift” A to B in order that Stokes’ Theorem be 
applied. This is done by defining a differentiable field of unit vectors over 
4, such that it has a finite number of singularities in the interior of A and 
that the vectors at the points of y point to the interior of A. According to a 
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known theorem in topology, the sum of indices at the singularities of such 
a vector field is equal to the Euler characteristic x(4) of A. From the local 
expression (6) of w, the integral of w along the vectors over a small circle 
about a singularity has as limit — 2z times the index of the singularity, as 
the radius of the circle tends to zero. It follows by Stokes’ Theorem that 


(28) am(a)+ f o— Ka, 


where the simple integral is over the vector field along y. There is arbitrari- 
ness in the choice of the unit vector field along y. If y is smooth, it is natural 
to choose at each point p€ y the unit interior normal vector to y at p. Then 
w is equal to the element of arc of y multiplied by its geodesic curvature. 
If y is only sectionally smooth, then, corresponding to each corner, we have 
to add the exterior angle at that corner. Formula (28) is of course the 
well-known Gauss-Bonnet formula. 

Consider now a compact complex analytic domain D bounded by a 
sectionally smooth curve C and a complex analytic mapping f: D> M. If 
£ is a local coordinate about a point £ € D, and z a local coordinate about 
the image point a=f( ), & is called a stationary point or branch point, 
if (dz/dg);,—0. This condition is obviously independent of the choice of the 
local coordinates. If f is not a constant mapping, the stationary points are 
isolated. The Hermitian metric (1) in M induces the Hermitian metric 
f*(ds?) in D, except at the stationary points. We will generalize the Gauss- 
Bonnet formula (28) to the domain D by taking account of the contributions 
arising from the isolated stationary points. 

Suppose that the local coordinates ¢, z about {, a respectively are such 
that they vanish for {, a. The coordinate z of the image point f(£) is then 
given by a power series in ¢: 


(29) 2 = + dy 0, m = 1, 


which is convergent in a neighborhood of £=0. The integer m —1 is called 
the stationary index; a point of stationary index 0 is a regular point. About 
¢, draw a small circle S, of radius 7 and attach at each of its points the unit 
outward normal vector, so that it will be an inward normal vector of the 
complement domain. By (6) the integral of w over this vector field tends 
to —2xm, as 0. 

If there are s stationary points, the Euler characteristic of the domain 
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D with the stationary points deleted is y(D)—s. Hence, if no stationary 
point lies on C, we have the formula 


2ar(x(D) —s) + Se 
or 


(30) + f (m—1)— f Ko, 


f(D) 
where m—1, 1=iSSs, are the stationary indices. 


If D has no boundary and is an n-leaved covering surface of M, then 


f KQ = 2xnx(M), and (30) becomes 
f(D) 


(31) x(D) + = (m—1) —nx(). 
This is a well-known formula of A. Hurwitz. 


5. Point at infinity. Let Y, be a compact Riemann surface, and V the 
surface obtained from it by removing a finite number of points 14,- - +, Um. 
Such a point v,, 1 =k =m, is called a point of infinity of V. Let £,—=r,e*% 
be a local coordinate at v,, with £,(v,) 0, which will be fixed from now on. 
Denote by D, the domain obtained from V, by removing the disks r, Se, 
so that the boundary of D, consists of the m circles y; defined by r,—=«, and 
that D, tends to V ase—>0. Consider a complex analytic mapping f: V—> M, 
where M is a compact Riemann surface, such that f does not send all points 
of V into one point. Then to every a€ M, the set f-(a)N D, is a finite set. 
If in addition f-*(a)N yx @, Theorem 2 gives 


1SkSm 


where c is the total area of M, v(e) is the area of f(D,), and n(a,e) is the 
number of times that a@ is covered by f(D.). The negative sign before the 
sum is caused by the fact that y; is to be oriented by increasing 6,. 

The integral in (32) can be simplified as follows: f being a complex 


analytic mapping, the dual mapping f* commutes with both d’ and d”, 
so that we have 


(d’ — d”)u(f ). 
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Dropping the subscript k for the moment, consider the local coordinate 
¢=—re®, If h isa real-valued differentiable function in r, @, we have 


dh dr + hod — hy dt + hy 
= + dr + ir (hot? — 
so that 
h, = hze*? + 
and 


(33) (d’—d”)h =h, df — hz d= (- -) dr-+ trh, d6. 
It follows from (32) that 

(34) n(a,e) + dt, — (1/c)v(e). 
This leads us to put 


(35) (1/e) “v(tyat/t, N(a,e) = fn(a, 


where ¢, is a small constant, with e<«. A standard argument will justify 
the relation . 


2r 
70 0 


and we get, by integrating the relation (34), 


2r 
N(ae) + 23 f |"—T(6), 


or 
29 
(36) N(a,e) — = J u(ce*%, a) dd, T(e) + const. 
0 


Since u(p,a) differs by a regular function from log | z,| in a neighborhood 
of a and since M is compact, u(p,a) has an upper bound, and we have the 
fundamental inequality 


(37) N(a,e) < T(e) + const. 


This shows that the order function T(e) dominates N(a,e) for all a€ M. 
We now derive an explicit formula for the second main theorem as 
applied to the domain D,. Let U;, be a coordinate neighborhood in JV; in 
which the local coordinate , is valid. The restriction of f gives a mapping 
f: Let f*O A d6,, so that is the ratio of the 
two elements of area. Since f is complex analytic, we have o,? = 0 and o, =0 
if and only if the point is a stationary point. To the points of U;,—v; we 
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attach the radial vectors 0/dr; and we will compute » for this family of radial 
vectors. Since + we get, from (4) and (6), 


(38) wo = — d6;, + i(d’ — ad” )log ox. 
If y, is free from stationary points, the restriction of w to yx is 
w = — (1+ €(0/de) log ox) dOx. 


Let ni(e€) be the sum of stationary indices in D,. Then the second main 
theorem (30) reduces to the formula 


27 
x(Vi) —m+ 2 f (1 + €(0/de) log ox) d6;, + mi (e) = 
or 


(39) + (2) (0/de) og ox +m (c)—= f Ka. 


f(De) 


In particular, if the Gaussian curvature K is constant, we have 


(40) x(Vi) + (€/27) + ni(e) = (K/2r) v(e). 
We put 
(41) f (t) dt /t, 


and remark that the relation 


27 27 
f (8/de) log ox — (8/6e) log dO, 
0 0 


| can be justified by a standard argument. Integration of the above equation 
then gives 


27 
x(V1) (log eo —loge) + 2B log ox | + Ni(e) 
e 


= (cK /2r)T (ce) =x(M)T (e) 


or 
(42) 25 log oy, + N3(e) =x(M)T(e) + const. 


| This is the integrated form of the second main theorem. 


Generalization of the defect relation of Nevanlinna-Ahlfors. Let 
‘,q be a finite set of points in M, and let 


e(p) II expu(p,a;))-, kt, 
1SiSq 


— 
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as 
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where c, is a constant. Then the integral . p(p)Q, where Q is the element 
M 


of area of M, is convergent. For the points where the convergence of the 
integral should be checked are the points a; and at a; the integrand is 1/| z,, |* 


times a bounded function. We choose the constant c, so that ff p(p)Q=1., 
M 


We now integrate the inequality (37) over M with respect to the density 
p(p)Q. Noticing that n(p,t) is the number of times that the point p is 
covered by f(D:), we get 


"(dt/t) < T(e) + const. 


€0 
t k 


D,-Deo 


so that we have 


(44) “(dt/t) f < T(e) + const. 


Lemma. The inequality 


(45) dr < 86) 
€ t 

implies 

(46) (ce) Sx’ log S(«) —2 log «, 


€ 
except for a set of intervals in (0,€.) for which J dloge <0. 
e 


Proof. Let A(e) be a decreasing positive-valued C*-function and A(¢) 
be a positive-valued continuous function, both defined in the interval 0 <«S«. 
Suppose 

—A’(e) > A(e)*A(e), >1. 
Then 
A(e) <— (1/A*)dA/de = (1/(x—1)) dA*/de 
and 


J < 
so that the integral at the left-hand side converges as e—> 0. Hence, with the 


exception of a set of 0 for which the integral f "A (e) de converges, 
0 


we have 
—A’(e) SA(e)*A(e), 


Now 
“>t, 
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whence 
log(— A’) Sx log A(e) + log A(e). 
It follows that 


+ loge =x log er dr + log A(e), 


0 € ‘0 
— log + log dr Sxlog “(at/t) dr + log A(e), 
€ t 


so that 
o(e) + (1—x«)loge =x? log S(e) + (1+ «)log A(e). 


(‘hoose A(e) = 1/e; then 


o(e) =x’? log S(e) —2 loge, 


€0 
with the exception of a subset of 0 << ¢««, for which f dloge<oo. This 
0 


completes the proof of the lemma. 
Following H. Weyl we use the notation || to denote that an inequality 
is not universally valid, but only under the exception stated in the lemma. 
It follow from the lemma that 


2r 
(47) log dd < x*log(T(c) +0) —2 loge, 
k 0 


where C is a constant. By the concavity of the logarithm we have 


flog (pout) dé < f dbx) 
(48) | mlog((1/2mn) f pox? dds} 


= log(T(e) + C) —2mloge + O(1). 


On the other hand, by means of (36), (42), (43), the left-hand side of 
this inequality can be transformed as follows: 


log (pox?) d0x 
2r 
= 25 loge + (2/27) logon ds, 


—const — (2A/2n) > dO, 
k 1=j=q 
— 2x (Vi) loge + —2x(M)T(e) 
= const + 2(Aqg—x(M))T(e) —2a N (aj, €) 
1SjSq 


— 2x(Vi)loge+ 2N,(e). 
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Letting A 1 and using (48), we get 
(g—x(Mf) )T(e) — N + Nile) 


S log(T(e) + C) + x(V)loge + O(1). 
For a€ M we define the defect of the mapping f by 


(49) | 


(50) 8(a) =1—lim(N (a,e)/T(e)). 


Then 0S 8(a) S1 and 8(a) —1, if the point a does not belong to the 
image f(V). 


THEOREM 3. Let V be a non-compact Riemann surface which 1s obtained 
from a compact one by the deletion of a finite number of points. Let M be u 
compact Riemann surface and let f: VM be a non-constant complex 
analytic mapping. Let a,,- M. If x(V) or tf lim(— loge/T (e)) 
= (0, then 
(51) 3(4;) Sx(M). 


1SjSq 
Condition (51) means that }8(a;) = 2, when M is the Riemann sphere. 
When © is a complex torus, then (51) implies that all the defects are zero. 
If M is of genus > 1, (51) is a contradiction, so that such a mapping f does 
not exist. 
The theorem follows immediately from (49), for the latter implies. as 
Ni(e) 20, 


(a)) <x(M) — (V)lim(—loge/T (e)). 


To clarify Theorem 3, we have to study the meaning of the condition 
lim (— log e/T'(e)) =0. 


Suppose lim(—loge/T(e)) #0. Then lim (T (e) /— loge) =b <0, and we 
have T'(e) = O(—loge). 


THEOREM 4. Suppose V and M be Riemann surfaces such that M 1 
compact and V is obtained from a compact one V, by the deletion of a finite 
number of points. Let f: V—M bea non-constant complex analytic mapping 
such that T(e) —O(—loge). Then f can be extended into a compler 
analytic mapping of V, into M. 


Let vé€ V, be a point at infinity of V. It follows from (37) and the 
condition T'(e) = O(—loge) that n(a,e), a€ M, is bounded in a neighbor- 
hood of v. Consider first the case that M = M, is the Riemann sphere. The 
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mapping f: V — M, defines a meromorphic function in a neighborhood of v 
with an isolated singularity at v. Since n(a,e) is bounded, the image of 
U —v under f will omit a finite number of points of Mo, provided that the 
neighborhood U is small enough. It follows that v is a removable singularity 
or a pole, i.e., that the mapping f can be extended to a complex analytic 


mapping of V, into Mo. 

In the general case that M is an arbitrary compact Riemann surface 
let M, be the Riemann sphere and let g: M—M, be a covering of My, 
possibly ramified. The composition gf: V— M, is a complex analytic mapping 
for which the condition T(e) = O(— loge) is still fulfilled. Hence gf can 
he extended to a complex analytic mapping of V, into My. It follows that, 
if U is small enough, f(U —v) will belong to a finite number of neighbor- 
hoods of M, which could moreover be arbitrarily small. Since this is true 
for any covering g, this is possible only when f(U —v) belongs to one coordi- 
nate neighborhood of MV. In terms of local coordinates f defines a bounded 
holomorphic function. Thus the singularity v is removable, and our proof 
of Theorem 4 is complete. 

[t seems reasonable to call a non-constant complex analytic mapping 
f: VM transcendental, if T'(«¢) ~O(—loge). Then we can say that a 
transcendental mapping f satisfies the defect relation (51). 
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A PROOF OF A THEOREM ON MODULAR FUNCTIONS.* 


By Hans RADEMACHER. 


The following theorem is fundamental in the theory of modular functions: 


THEOREM. A modular function (7) belonging to a modular congruence 
subgroup modulo N and which is regular and bounded in the half-plane 
R(r) > 0 ts a constant. 


This theorem is usually proved by a contour integration around the 
fundamental region of y(r) and requires a study of the structure of this 
region, in particular of its vertices and cusps. The following proof avoids all 
this. All we need is Jensen’s inequality: 


Lemma. If f(z) ts regular in the interior of the unit circle, f(0) 40 
and | f(z)| <M, then for any zeros 23,22, *,2n of f(z) we have 


| | =| f(0)|/M. 
This lemma implies the simple 


Corotuary. If g(z) is regular and bounded in |z| <1, and if 2,, 


v= 1,2,3,- - are zeros of g(z) in the unit circle so that 
Il | ay | = 0, 
p=1 


then g(z) vanishes identically. 


For the proof of the theorem it suffices to consider the principal subgroup 


r'(N) modulo 
a b 1 0 . 


which is contained as subgroup in any congruence subgroup modulo NV. 
Now Ir'(N) has s a as an element so that we can restrict our con- 
siderations to the domain 
(1) —4INZ=R(r) < BN, > 0. 
* Received June 18, 1959. 
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Since y(r + V) —y(r) we can introduce 


= (N/2zi) log z 


and obtain a uniquely defined function g(z)=y(r) for |z| <1, the unit 
circle being the image of (1) by means of (2). 

The function g(z) is bounded and regular in |z|<1. The possible 
singularity at z 0, stemming from rio, is a removable one since g(z) 


is bounded. 

Let us consider now the images of si under the group r(N). For 
any pair of natural numbers c=0, d==1 (modN) and (c,d) =1 there 
exists exactly one pair a,b so that 


a b 
M= i) €T(N) 
and that 


M(t) = (ai + b)/(ci+ d) = (t+ (ac + bd))/(c? + d?) 
has moreover the property 
(3) —4N SRM (1) (ac + bd) /(c? + d?) < 
Indeed. we have to solve the diophantine equation 
(4) ad —be=1 
for a and b with the conditions 


b=0 (modN). 
Now (4) implies 
ad=1 (modNe), 


whch is solvable since (d,Nc)=1. Let a) be a particular solution. All 


solutions are then of the form 
a=d+mNe, 
and the remaining b in (4) is given by 
b = (aod —1)/c+ mNad. 
A short computation shows that (3) is expressed as 
—43N Sa,/c—d/c(c*? +d?) +mN < 


which is satisfied by exactly one integer m, so that a and b and thus 7,4 are 
now uniquely determined. 
We have 
3M (i) = 1/(c? + a). 
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In the z-plane these values correspond to 


| | = exp(— 2a/N (c? + d?)). 
We want to prove 
II | Ze,d | = 0 

where the multiplication is extended over all c,d>0 with c=0. d=1 
(mod V), (c,d) =1. Translated back into r-coordinates our task is to prove 
that 
(5) 2 1/(c? + d?) 
is divergent. 

But this is simple. Let us consider not the full series (5) but to any 
d=1(modJN) only those with 0< and, of course, 

(c,d) = (y,d) =1. 


These are ¢(d) in number. For such a pair c,d we have ¢* 
=(N* + 1)d?, so that the series (5) is estimated from below by 


1/(c? + d?) > (N? +-1)7* 3 /d?. 
a=1(mod N) 
But the latter series is indeed divergent. This can be seen in several ways, 
for instance by means of the trivial estimate 
o(n)/n = log 2/log 2n 
(obtained in the following way: 
$(n)/n—TT (i—1/p) = —9) — 1/6 4+- 2) 1/0 +9) 


pin 
with 


pin 


r= log n/log 2, r+1s log 2n/log 2). 
And the series }1/dlog 2d, d= 1 (mod WN) is divergent. 
d>0 


This shows that the spots where g(z) —y(i) vanishes make [|] 
diverge to zero. Then, in view of the Corollary, g(z) is identically equal to 
y(t), and y(r) is constant. Q.E.D. 


THE UNIVERSITY OF PENNSYLVANIA. 


TAME COVERINGS AND FUNDAMENTAL GROUPS OF 
ALGEBRAIC VARIETIES.* 


Part IV: Product Theorems. 


By SHREERAM ABHYANKAR. 


Introduction. Let V be a nonsingular algebraic variety over an alge- 
braically closed ground field of characteristic p; let -,Ws, +. Hy 
be distinct irreducible subvarieties of V of codimension one; let 


W—W,U-:--UW, and H;. 


In Section 3 it is proved that under certain conditions relating H and W 
there exists an exact sequence 


7 (V—-W—H) > 


where (respectively: 7”(V—W—H)) is the galois group over 
K of the compositum of all finite extensions of k(V) which are tamely ramitied 
over V and for which the branch locus over V is contained in W (respective: 
in WU #), where Z? occurs ¢ times, where Z? denotes the inverse limit of the 
inverse systems of all finite factor groups (of order prime to p in case p0) 


of an infinite cyclic group, and where G is a finite abelian group. As in [A3]?, 


the main technique is that of removing tame ramification through cyclic 
compositums | A3, Section 2]. Using the results of [A2], some corollaries of 
this result are deduced. 

Let S and T be projective lines over hk, let S,,---,S, (s >0) and 
T,, +, 7; be distinct points on S and T respectively. Let 


In Section 4 (Remark 4) it is shown that for {1 or 2 we have 
a*(S* T*) = F*(T*) 
* Received May 18, 1959. 
* Numbers in square brackets refer to the References at the end of the paper. We 


take this opportunity to correct the following misprint: In the third line of Proposition 
1 of [A8], the second K should be K*. 
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and that such a product theorem does not hold for 7’. Some other results of 
a similar nature are derived (Theorem 4 and Corollary of Theorem 2). Asa 
by-product of the results of Section 4, it is found (Remarks 1 and 3) that 
tame ramification is a birational non-invariant even for non-singular surfaces, 
and that 7 is a birational non-invariant (whereas 7* and 7 are obviously 
invariant), and that one does not have a theorem of “purity of non-tame 
branch loci” at a simple point. 

In Section 2 are given some lemmas to be used in this and succeeding 
papers of this series; and this includes a positive case of invariance of tame 
ramification for a certain type of birational transformations (Lemma 6). 


1. Conventions, notations and definitions. Besides the conventions. 
notations and definitions introduced in [A1,2,3], we shall use the following 


ones: 


(A). & will denote an algebraically closed ground field of characteristic p. 


(B). Let a be a positive integer. By the expressions “a is prime to jp.” 
“let b be the part of a prime to a”’,- - -, etc., we shall respectively mean. 
“‘@ is prime to p in case p< 0 (vacuous statement in case p=0),” “let b =u 
in case p= 0 and let b =the greatest factor of a prime to p in case p40”. 


-, ete. 


(C). Let (R,M) be a regular local domain with quotient field A. For 
nonzero elements a, and a» of R, set v(a,/d2) = nN, — Ne, where n; is the largest 
integer such that a;€ M™; in other words, n; is the R-leading degree Apr(4;) 
of a; Then v is a real discrete valuation of K. We shall call v the R-adw 
divisor of K. If R is the quotient ring of a point P on an irreducible variet\ 
V, then we shall also call v the P-adic divisor of V. 


(D). Let V be a normal projective irreducible algebraic variety over /. 
Let W,,- - -,Ws, H1, be divisors on V. If H, is linearly equivalent to //, 
plus a sum of integral multiples of W,,- - -.W,, then we shall say that /, is 
linearly equivalent to H.mod W,,: - -,W,. and we shall express this by 


writing : 


H,=H,(mod W,,: -, We). 


(E). For the purposes of this and succeeding papers of the series it 
will be convenient to elaborate and extend the definitions of Section 10 of 
[|.\1] as follows: Let V be an n dimensional normal projective irreducible 
algebraic variety over k, let W be a subvariety of V, let K =k(V), let Q bea 
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set of valuations of K/k of k-dimension n—1, and let Q be an algebraic 
closure of K. We set: 
a(V—W-+Q) =the family of finite separable extensions L of K in Q 
such that A(L/V)C W and such that no element of Q 
is ramified in L. 


a’ (V—W-+Q) =the family of members of 0(V—W-+ Q) which are 
tamely ramified over V. 


a*(V—W-+@Q) =the family of members of 0(V—W-+@Q) such that the 
degree over K of the least galois extension of K con- 


taining L is prime to p. 
Q,(V—W-+Q) =the family of members of Q(V-—-W-+@Q) which are 
galois over K. 


Q’,(V—W-+Q) =the family of members of 0’(V—W-+Q) which are 
galois over K. 


a*,(V —W-+ Q) =the family of members of 0,(V + Q) whose degree 
over K is prime to p. 


oV—W+Q),0°V—W-+ Q),0*(V — W + Q) =the compositum of all the 
members respectively of —W + Q), —W + Q), Q). 


: Again, under the natural homomorphisms, the galois groups over K of 
the members respectively of (1) 9,(V-—-W+Q), (2) ,(V—W+@Q), 
(3) 2*,(V—W-+Q) form group towers and we denote them respectively by 
(1) (V—W+Q), (2) (V—W+Q), (8) e*¥(V—W+Q), and we call 
them respectively, (1) the fundamental group tower of V—W-+Q, (2) the 
fame fundamental group tower of V—W-+-Q, (3) the reduced fundamental 
group tower of V—W+ Q. Also the inverse limits respectively of (1) 
™(V—W+Q), (2) &X&(V—W+Q), (3) e*(V—W+Q), ie. the galois 
sroups over K respectively of (1) Q(V—-W+@Q), (2) &(V—W-+Q), 
(3) O¥(V—W-+Q) will be denoted respectively by (1) 7(V—W-+Q), 
(2) (3) r*(V—W-+Q) and they will be called respectively 


(1) the topologized fundamental group of V—W+Q, 
(2) the topologized tame fundamental group of V—W+Q. 
(3) the topologized reduced fundamental group of V—W+9Q. 


Now let W,,: be distinct irreducible dimensional sub- 
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varieties of V and let Q,,Q2,: - - be valuations of K/k of k-dimension n—}, 
Let Wt Qi) G2," be non-negative integers. Then we set 


a’ (V —(Wi, wi) > —(Ws, we) + 1) + (G2, 92) 


=the family of members L of 0’(V—W,—-: 
such that (1) for 7—1,2,- - -,s, for any local ring R*; in L lying above 
R;=Q(W;, V) we have that r(R*;: R;) divides w;; and (2) for 1,2,- - -, for 
any L-extension Q*; of Q; we have that r(Q*;:@Q;) divides qj. 

Similarly we define Q’,, Q*, OQ’, OF, and for 
V — w,) —: - -— (Wa, ws) + (Q159:) °°. Note that in view of 
Lemmas 2 and 3 of Section 2, all this is justified. Also note that: (1) if () 
is empty, then r(V—W) =x(V—W-+Q), etc.; and (2) 


0’(V — (W,,0) —- - -— (We, 0) + (91,1) + (Q2,1) *) 


The rest of the concepts of Section 10 of [A1] are now similarly extended. 

We make here the following observation. Let K* be a (finite) galois 
extension of K in Q, let V* be a K*-normalization of V, let ¢ be the rational 
map of V* on V and let W*—¢"(W). Then from the results of | A1, Sec- 
tion 2] we deduce that if K*€ then 0(V* — W*) =Q(V—W) 
and if K*€2’(V—W) then 0’(V*— W*) =9’(V—W). Also [see the 
proof of Lemma 8 in (13) of Remark 6 of Section 8 of A2] if K, is a galois 
extension of K, K, is a galois extension of K, and K; is a least galois extension 
of K containing K., and if [K,: K] and [K,: K,] are prime to p, then 
[|K;,: K] is prime to p. From this it follows that if K* € Q*(V— W), then 
0*(V*— W*) =0*(V—W). Consequently, if K* belongs respectively to 
0(V—W), (V—W), 2*(V—W), then we have the following respective 
natural exact sequences: 

7(V* — W*) —W) G(K*/K) > 0, 
(V* — W*) 7’ (V —W) > G(K*/K) > 0, 
0 > 7* (V* — W*) —W) G(K*/K) > 0. 

We would like to point out that our notation 0’(V— W), 2’(V —W). 
7(V —W), etc., is not meant to suggest the open variety V — W as a biregular 
entity ; see Remark 3 in Section 4 (probably, 0’(V, W), ete., might have beer 
a more logical notation). For Q(V — W), 7(V — W), etc., and for a*(V —W). 
z*(V — W), etc., there is of course no such problem because they are obviously 


biregular invariants. 
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(F). We shall use the following notations. 
Z, =a cyclic group of finite order n. 
Z = an infinite cyclic group. 


Z» =the group tower of all the factor groups of Z of finite order prime 
to p. 


Z? =the inverse limit of Z?. 


Let K be a field extension of k and let Q be an algebraic closure of K. 
Let « be an element of K. We set Q(K,x) =the field generated over K by 
the n-th roots of x in Q for all n prime to p. It is clear that if x does not 
have any n-th root in K for any integer n >1 then G(Q(K,2x)/K) is iso- 
morphic to Z®. Note that for any positive integer n prime to p, Z? has a 
unique subgroup Y, of index n and furthermore Z?/Y,~Z,; namely, Y, 
corresponds to 


(G). Let G,G,,:- -,G@s, Hi,---,Hs be groups. The direct sum of 
+, will be denoted by G; - -@G,. Similarly for homomorphisms 
fi: Gi —> Hi, we shall denote by f; -@f, the homomorphism 


given by 
for all g; in Gi. 


For homomorphisms q;: G— H; we shall denote by (q:,: - -,qs) the homo- 
morphism G— H, @- - H, given by 


The set of elements of G@G of the form g @g with g in G, forms a 
subgroup of G @ G and we shall call it the diagonal of G @® G and we shall 
denote it by D(G@ G@). Note that, if G is an additive abelian group, then 
9:8 92> 91— g2 is an epimorphism of @@G onto G whose kernel is 
D(G@ @). 


2. Preliminary lemmas. For the purposes of this and succeeding papers 
of the series, in this section we shall prove some lemmas mainly on local 
theory. Modifying the proof of Lemma 1 of [A3] we get Lemma 1 below 


under which the quoted lemma is subsumed. Using the method of removing 
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tame ramification through cyclic compositums [A3, Proposition 1] we deduce 
Lemmas 2 and 3 below, and Proposition 7 of Section 5 of [A5] is subsumed 


under Lemma 3 below. 


Lemma 1. Let (R,M) be either the quotient ring of an irreducible 
subvariety of a normal irreducible algebraic variety or the valuation ring of a 
real discrete valuation. Let K be the quotient field of R, let L* be a finite 
separable extension of K and let L and K* be two fields between K and L* 
such that L* is the K-compositum of K* and L. Let S8* be a local ring in 
L* lying above R, let S=L S*, and let R* = K* 1 S*. Let D, D*, E, E* be 
the residue fields respectively of R, R*, S, S*, where D, D*, E are canonically 
considered to be subfields of E*. Assume that S is unramified over R. Then 
(1) E* is the compositum of D* and E; (11) S* is unramified over R*; and 
(III) r(S*: 8S) =r(R*: R), 7F(S*: S) =F(R*: R), 1(8S*: S) —=1(R*: R), 
and g(S*: S)Sg(R*: R). Furthermore, (1V) if etther E/D 1s galois 
(which is the case if L/K is galois) and D* is D-tsomorphic to a subfield of 
E or if D*/D is galois (which is the case if K*/K is galots) and EF is D- 
isomorphic to a subfield of D*, then d(S*: R*) —1. 


Proof. Since the situation remains parallel if we pass to the comple- 
tions of R, 8S, R*, S*, we may assume that these local domains are complete to 
begin with. Then our assumption implies that D] D],=—[L: K]. 
Since £/D is separable, there exists a in # such that H=— D(a). Fix an 
element A in S belonging to the residue class a. Let F(X) be the minimal 
monic polynomnal of A over K. Then F(X) € R[X] and L=K(A). Let 
f(X) be the polynomial obtained by reducing the coefficients of F(.Y) modulo 
the maximal ideal in Rk. Then A(F’) belongs to the residue class A(f) and 
A(f) ~0 since a is separable over D. Therefore A(F’) is a unit in FR and 
hence 1,A,A?,- - -,A"" is a module basis of S over R, where n=[L: K}. 
Since L* is the K-compositum of K* and L, L* = k*(A). Let G(X) be the 
minimal monic polynomial of 1 over K*. Then F(XY) =G(X)H(\) and 
(X),H(X)€ R*[X]. Consequently A(G) divides A(F) in R*. Since 
A(F) is a unit in R, it is also a unit in R*. Therefore A(G@) is a unit in f*. 
Consequently S* is unramified over R*, and 1,A,A*,- > -,A™7? is a module 
basis of S* over R-, where m=|L*: K*| <n. The two italicized statements 
imply (1), (II) has already been proved, and (III) follows from (II) as i 
the proof of Lemma 1 of [3]. Finally, (IV) follows from (1) and (II) 


by galois theory. 


LEMMA 2. Let K bea field, let K* be a finite separable extension of Kk, 
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and let K,,Ko,---,K, be fields between K and K* such that K* is the 
compositum of K,,---,Ks. Let v be a real discrete valuation of K, let v* 
be an extension of v to K* and let v; be the K;-restriction of v*. Let 
nt =f(v*: v) and nj=F(v;: v). Let p be the characteristic of the residue 
field of v and assume that i(v,: v) =: v) =1 and that 
are prime to pin case p00. Then i(v*: v) =1 and n* is the least common 


multiple of M1,° Ms. 


Proof. Let n be the least common multiple of n,,- - -,n, and let x be 
an element of K with v(x) =1. Let y be a root of the polynomial X¥"—vx 
in some extension of K*, and let L—=K(y), L;=Kj;(y), L*=—K*(y). Let 
w* be an extension of v* to L* and let w; and w be the restrictions of w* to 
L, and L respectively. By Proposition 1 of [A3], w,,: - -,ws are unramified 
over w and hence by repeated applications of part (II1) of Lemma 1 we 
conclude that w* is unramified over w. Now w(y) =(1/n)w(z) and 
n=[Z: K] and hence we must have r(w: v) =f(w: v) =n. Therefore 
i(w*: v) =1 and 7(w*: v) =n. Hence i(v*: v) and #(v*: v) divides 
n. Also, it is clear that each n; divides n* and hence n divides 7(v*: v). 
Therefore n* =n. 


LemMA 3. Let K be a field, let K, be a finite separable extension of K 
and let K* be a least galois extension of K containing K,. Let v be a real 
discrete valuation of K, let v1,- - -,vs be the distinct extensions of v to K, 
and let v* be any extension of v to K*. Let nj=F(v;: v) and n* =F (v*: v). 
Let p be the characteristic of the residue field of v and assume that 
pin case p40. Then i(v*: v) =1 and n* is the least common multiple 


Proof. Let 1,t:,---+,t, be the K-automorphism of K* and let K; 
=1;(K,). Let w; be the K,-restriction of v* to K;. Then i(w,:v) =: - - 
=1i(w,: v) =1 and the set of integers #(w,: v),- - -,#(wy: v) coincides with 
the set n1,- - -, 2. Thus we are reduced to Lemma 2. 


Lemma 4. Let y be a transcendental over k and let k(y)(()) be the 
formal power series field over k(y) in an indeterminate x. Let f(Z) be an 
wreducible monic polynomial in k[[x]][Z] of degree n which is prime to p 
in case p40. Let z be a root of f(Z) in some extension of k(y)((@)). Let 
vand w be the valuations of k((x)) and k(y)((x)) with the valuation rings 
K{[z]] and k(y)[[2]] respectively. Let v* and w* be the (unique) exten- 
sions of v and w to k((x))(z) and k(y)((x))(z) respectively. Then 
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k((x))(z)/k((x)) and k(y)((x))(2)/k(y) ((z)) are cyclic extensions of 


degrees n; and 7(v*: v) =F (w*: w) =n and 


i(v*: v) =i(w*: w) =1—g(v*: v) =g(u*: 


Proof. By [A5, Lemma A5 of Section 8], K((z))(z) contains an n-th 
root of aw, and k((x))(z) =k((x)) (a). Hence k(y)((x)) (z) 
=k(y)((z))(a2/"). Now everything follows in view of the equations: 
=w(zr) =1. 


Lemma 5. Let K be an n-dimensional algebraic function field over k. 
let V be a normal projective model of K/k, let V* be a normatlzation of V 
in a finite separable extension K* of K, let be the rational map of V* onto J. 
let P* be a point of V* and let P=¢(P*). Assume that P is a simple point 
of V, and that A(K*/V) ts contained in a pure n—1 dimensional subvariety 
W of V having a strong normal crossing at P such that the irreducible com- 
ponents W,,- --,W, of W passing through P are all tamely ramified in K*. 
Then (1) P is tamely ramified in K*; and (II) W; does not split locally at 
P*, i.e., only one irreducible component W*; of ¢*(W;) passes through P*. 

Now assume that W.,: - -,W: are unramified in K*. Let v be a real 
discrete valuation of K/k of k-dimension (n—1), having center P on V, let 
u* be a K*-extension of v having center P* on V*. Let m=r(W*;,: W) 
=F (W*,: W), let g=v(M(P,Wi,V)), and let h be the greatest common 
divisor of m and gq. Then (III) V*,W*,,: -,W*; all have a simple point 
at P*, and r(P*: P) =r(W*,: Wi); (IV) r(v*: v) F(v*: v) = m/h. 
(V) In particular, if v is the P-adic divisor of V, then v* is ramified over t 
if and only if W*, is ramified over W,. (VI) Now assume n= 2 and let W 
be an irreducible curve on V other than W*, such that W has a simple point 
at P and W*, and W have an m-fold contact at P; then ¢*(W) has exactly 
m irreducible components W*,,- --,W*m passing through P*; furthermore 
W*,,W*,,- > -,W*» all have a simple point at P* and they are pairwise non- 
tangential at P*; consequently ¢*(W,U W) has an ordinary (m + 1)-fold 
point at P*. 


Proof. Let m; be the least common multiple of the ramification indices 
over W; of the various irreducible components of ¢-(W;). Let (R,M) be the 
quotient ring of P on V and let (R*, M*) be the quotient ring of P* on V*. 
Fix a basis 2;,-- -,a, of M such that 2;R is the ideal of W; at P on V 
for j=1,:--,¢. Let for j=t+1,t+2,---,n. Let y; be am 
m;-th root of xz; in some extension of K*. Let L*=—K*(y,,° -.Yn) and 
L=K(y:,---,yn). Let (S*,N*) be a local ring in L* lying above R* 
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and let (S,N) be the local ring in L lying below (S*,N*). Let (&, WZ), 
(R*, *), (S,N), (S*,N*) be the completions of R, R*, 8S, S* respectively 
and let E, E*, F, F* be the quotient fields of R, R*, 8, S* respectively. Then 
Yn is a basis of N and hence S and S are regular and -,Yn 1s 
abasis of N. By Proposition 1 of [A3], no one-dimensional prime ideal in S 
is ramified in L* and hence by [Z], S* is unramified over S. Consequently, 
Yn is a basis of N* and we have 


Therefore H*/E is galois and its degree is prime to p in case p0. Since 
P* was an arbitrary point of ¢7*(P), this proves (1). Since yj") =a, and y; 
is part of a minimal basis of N*, 2;S* is primary. Therefore the valuation 
of K/k with valuation ring Q(W;,V) has a unique extension to L* having 
center N* in S* and consequently the said valuation a fortiori has a unique 
extension to K* having center M* in R*, i.e., 6-*(W;) has only one component 
*; passing through P*. This proves (II). 

Now assume that W.,---,W; are unramified in K*. Then m,—™m, 
Therefore 


Consequently = where w is an integer which is 
prime to p in case p40. From this it follows that V*,W*.,- - -,W*, have 
a simple point at P*. Since P* is a simple point of V*, R* is a unique 
factorization domain, M (P*, W*,, V*) is a principal ideal in R* and x, = zd, 
where z is a generator of M(P*, W*,, V*), a is a positive integer and d is a 
unit in R*. By a well-known property of quotient rings on a normal algebraic 
variety, the completion of R*/(zR*) has no nonzero nilpotents and hence we 


must have and z= 2,"/“e, where e is a unit in R*. Therefore W*, 


| also has a simple point at P*. This proves (III). Let o* be an extension 
of v* to having center in [A6, Lemma 13 of Section 7] and let 
| be the B-restriction of 6*. Then @ is an extension of v to HZ and has center 
| Win R. Now 0* and @ are again real discrete [A4, Theorem 1] and have the 
_ same value groups and residue fields as v* and v respectively [A6, Lemma 12 
of Section 7]. Hence in the proof of (IV) we may replace v and v* by @ and 
™ respectively. Now =v(a1) =q and E* = E(z2,"/") and hence (IV) 
; follows by Lemma 3 of [A3]. In case v is the P-adic divisor of V, we have 
| 4=1 and this gives (V). 

Finally, assume that the conditions of (VI) are satisfied. Let «=a. 
We can choose w in M such that (z,w) is a basis of M and wR is nontangential 
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at P to W, as well as to W. By [A2, Section 7], there exists elements 
Qo, in k with ag0 such that w* -) isa 
generator of M(P,W,V). As in the above proof, (y,w) is a minimal basis 
of M*, where Now the &*-leading form of w* is Since 
m is prime to p in case p 0, this leading form factors into m pairwise 
co-prime linear factors each of which is prime to y. This proves (VI). 


CoroLuary. Let V be a normal projective wreducible algebraic variety 
over k, let W be an irreducible subvariety of V of codimension one, and let kK 
be a finite algebraic extension of k(V). If there exists a point of P of W 
which is tamely ramified in K, then all points of W lying outside a proper 
subvariety of W are tamely ramified in K. 


Our assumption implies that [A1, Section 2] Q(W, V) is tamely ramified 
in K. Choose a subvariety W* of V of pure codimension one such that 
A(K/V)C W* and WC W*. Then by Lemma 5 every point W which is a 
simple point of W as well as a simple point of V is tamely ramified in K. 


Lemma 6. Let K be an n-dimensional algebraic function field over k, 
let K* be a finite separable extension of K, let V and V’ be two normal prv- 
pective models of K/k and let f be the birational map of V onto V’. Assume 
that (1) any point of V at which f is not regular ts a simple point of V; 
(2) f?(A(K*/V’)) C W, where W is a pure n—1 dimensional subvariety 
of V having a strong normal crossing at every point of V which ts not regular 
for f; and (3) K*/V’ ts tamely ramified. Then K*/V is tamely ramified. 


Proof. Without loss of generality, we may assume that K*/K is galois. 
Let P be a point of V. If f is regular at P, then in view of [A6, Lemma 6 
of Section 2], (3) implies that P is tamely ramified in K*. Now assume that 
f is not regular at P. If P is unramified in K*, then there is nothing to 
prove, so assume that P is ramified in K*. Then [Z] every irreducible 
component A of A(K*/V) passing through P is (n —1)-dimensional ; let v 
be the real discrete valuation of K/k having center A on V and let A’ be the 
center of w on V’; then by [A6, Lemma 6 of Section 2] w is tamely ramified 
in K* and A’C A(K*/V’) and hence A is a component of W. Consequently, 
in view of (2), it follows that A(K*/V)C B, where B is a pure (n—1)- 
dimensional subvariety of V such that B has a strong normal crossing at ! 
and such that every irreducible component of B passing through P is tamel! 
ramified in K*. Therefore by Part I of Lemma 5, P is tamely ramified in K*. 


Remark 1. Let K be an n-dimensional algebraic function field over /. 
let V and V’ be two normal models of K/k, and let f be the map of V onto V’ 
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and let K* be a finite separable extension of K. One might raise the following 
questions concerning birational invariance of tame ramification. (1) (Bi- 
rational invariance) : Is it true that if K*/V’ is tamely ramified, then K*/V 
is necessarily tamely ramified? (2) (Birational nonsingular invariance) : 
Question (1) under the assumption that V and V’ are nonsingular. Note 
that there exist proper subvarieties W and W’ of V and V’ respectively such 
that f is biregular between V—W and V—W’, V—W and V—W’ are 
nonsingular and each point of them is unramified in K*. An affirmative 
answer to (1) would have had the above lemma as well as [A2, Lemma 6 of 
Section 2] as immediate corollaries. However, as will be seen in Remark 3 
of Section 4, in general (2) and hence (1) have a negative answer. 


Lemma 7%. Let K bea field, let K* be a galots extension (not necessarily 
finite) of K, let K, and Ky be fields between K and K* such that K,/K and 
K,/K are galois (not necessarily finite) and K* is the compositum of K, 
and K,. Let K’ = K,1 K, and assume that G(K’/K) is abelian. Then for 
j=1,2,G(K;j/K) contains a normal subgroup G; such that G(Kj/K)/G; 
= G(K’/K) and there exists an exact sequence 


f 
0— G(K*/K) — G(K,/K) @ G(K./K) > G(K’/K) > 0, 
such that G. C (Imf). 


Proof. The first statment follows by taking G; = G(K;/K’). Now con- 
sider the natural exact sequences 


where G(K*/K;) is considered to be a subgroup of G(K*/K). Now 
G(K*/K,)G(K*/K.) = G@G(K*/K’) and hence 


(2) fe) G(K*/K’) = G, ® Gz C (f:1, fe) G(K*/K). 
From (1) and (2) we get the exact sequence 


g 
(fi, fz) G(K*/K’) G(K,/K) ® G(K2/K) —> G(K’/E) 
@ G(K’/K) > 0, 


where g is the natural epimorphism and we have that 
(9 (fi, fe) ) G(K*/K) = D(G(K’/K) G(K’/K)). 


. 
Since G(K’/K) is abelian, we have an exact sequence 


h 
0+ D(G(K’/K) G(K’/K)) G(K’/K) ® G(K’/K) G(K’/K) 0. 
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Thus we get the exact sequence 


( 1) 2) hg 
0— G(K*/K) G(K,/K) ® G(K2/K) —> G(K’/K) > 0. 


Lemma 8. Let K be a field; let Q be an algebraic closure of K; let 
A,,: (£>1) be abelian galois extensions (not necessarily finite) of 
K in Q; let B; be the compositum of A,.- --,A;in Q. Then there exists an 


exact sequence 
G(B,/K) > G(A,/K)@: -@G(Ari/K) F> 0 


where F is an abelian group which contains a chain of subgroups F = F, D F, 
such that F;,/F; =~ G((By1N4;)/K) for j=2,-- 


Proof. Taking A, for K, and A, for K, in Lemma 7 we get the case of 

= 2. Since all the groups are abelian, the case of ¢ > 2 follows from the 

case of t—1 by taking B,, for K, and A; for K, in Lemma 7. Thus our 
assertion follows by induction on tf. 


3. A variety minus two sets of irreducible subvarieties of codimension 
one. Let V be a nonsingular projective irreducible algebraic variety over k; 
let W,,---,W,, H,,- --,H¢ be distinct irreducible subvarieties of V of 
codimension one; let W—=W,U---UW, and H=H,U---UdH;; let 
K =k(V); and let Q be an algebraic closure of K. As in Proposition 2 of 
[A3], using the technique of removing tame ramification through cyclic com- 
positums and modifying the proof of that proposition, we now prove the 


following results. 


PROPOSITION 1. Assume that Q(H,,V) does not split? in any member 
of 2’,(V —W—H,) and that cH, =0 (mod W,,: - -, Ws) for some nonzero 
integer a. Choose the smallest positive value of « and let a be the part of a 
prime to p. Fix xin K such that (x) —H, equals a sum of integral multiples 
of W1,- > -,Ws. Then (1) x does not have any m-th root in K for any m > 1; 
(II) 2’(V—W—H,) is the compositum of 0’/(V —W) and 


and (IIT) (V —W)N Q(K,2) = K(2/*), 


Proof. (1) follows from the minimality of «. Also, it is obvious that 
the compositum of 0’(V — W) and z) is contained in  (V — W — H,). 
Now we shall show that any member K* of 0’(V — W —H,) is contained in 


*I.e., in any member of 2’,(V — W — H,) there is only one local ring lying above 
Q(H,, V). 
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the said compositum. Without loss of generality we may assume that K*/K is 
valois. Let R= Q(H,,V), let R* be the unique local ring in K* lying above 
R, and let m=r(R*: R). Let y be an (ma)-th root of gin Q. Let L—=K(y) 
and L* == K*(y). Then L* belongs to Let and S* 
be the unique local rings lying above F# respectively in LZ and L*. By [A3, 
Lemma 3], r(S: R) =m. Hence by Lemma 2, r(S*: R) =m. Let K’ 
be the inertia field of S* over R and let L’ be the compositum of K’ 
and L. Let R’ and S’ be the unique local rings lying above FR respectively 
in K’ and L’. Then K’ belong to X’,(V—W). Also 


[L’: K’] S [L*: K’] =r(S8*: R) =m; and 
[L’: K’]=r(8’: RB’) =r(8’: R) r(8: R) 


Therefore L* JL’. This proves (II). Now let be any positive integer 
prime to p. Then [A3, Proposition 1], R is unramified in K(2'/”) if and 
only if b divides a. This proves (IIT). 


THEOREM 1. Assume that: (1) the subvarieties H; can be labelled so 
| that for 7=1,:--+,¢; Q(Hj,V) does not split im any member of 
; o,(V—W—H,—---—H,;). Also assume that: (II) for each j, some 
nonzero integral multiple of H; is linearly equivalent to zero mod W,,: - -, Ws. 
Let a; be the smallest positive integer such that «;H;==0 (mod W,,- - -, Ws). 
| Let a; be the part of «; prime to p. Then there exists an exact sequence 


(V—W—H) > 2 >G 50 


where Z occurs t times, and @ is an abelian group containing a sequence of 
subgroups G=G,D G,D---D G, such that G, is isomorphic to a sub- 
group of Za, and Gj4/G; is isomorphic to a subgroup of Za, for 
j=2.:-++,t. If t=1 then the above exast sequence can be chosen so that 


Gx 


Proof. Fix 2; in K such that (2;) =«,H;-+ integral multiples of 
Fix yj€Q such that Let Let 
A; = 0(K,2;), and B; = (compositum of A,,- -,4;). Let C=0’(V—W), 
and —W—H). Then #(V — W) = G(C/RK), and 7(V — W—H) 
=(1(D/K). By Proposition 1, D—compositum of C and B;,, and 
+ ye) C COB, Suppose if possible that K’ B;. Then there 
exists a cyclic extension L of K’ of prime degree gp such that L C CNM By. 
We can find a primitive element z of L/K’ such that gta y,n- --y,, Then 
/ does not divide 6; for some j and hence H; is ramified in L. This contra- 
(iets the fact that L CC. Therefore CN B,-=K’. The minimality of a; 
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implies that K contains no m-th root of 2; for any integer m>1. Hence 
G(K(y;)/K) = Za, and G(Aj/K) = Z for j=1,-- 

Taking C for K, and B, for K, in Lemma 7 we get the following: 
G(C/K) and G(B;/K) contain normal subgroups XY and Y respectively, such 
that G(C/K)/X is abelian, and there exists an exact sequence 


0 G(D/K) —> G(C/K) ® G(B,/K) > G(K’/K) 30 


such that XY @ YC Imu. 
By [A3, Proposition 1], A;C K(y;) and hence G( A;)/K) 
is isomorphic to a-subgroup of Z,,. Hence by Lemma 8 we get an exact 


sequence 
v 
0> G(B,/K) - -@Z#> F>0 


where Z? occurs ¢ times and F is an abelian group containing a chain of 
subgroups F=F, DF,5D---D F;=—1 such that F;,/F; is isomorphic to 
a subgroup of Z,, for j= 2,: - -,t. 

Let i: G(C/K)-— G(C/K) be the identity map. Let w= (1@ v)u. 
Now X is a normal subgroup of G(C/K), G(C/K)/X is abelian, and 
Z?@---@ Z is abelian. Therefore XY @vY is a normal subgroup of 
G(C/K)@® Z* ®-- -@® Z and the corresponding factor group is abelian. 
Since YC Imu, we get that Y @v¥CImw. Therefore, Imw is a 
normal subgroup of G(C/K)@® @- - -@ Z and letting 


we get that is abelian. Let f: G(C/K)@ Z? - -@ be the natuml 
epimorphism. Now it follows that 


f 
G(D/K) —> G(C/K)@# -@#—>G30 


is exact, G is an abelian group containing a sequence of subgroup: 
such that G;=G(K’/K), and Gj./G;= F;./F 
for j==2,: - 

Taking K(y;) for A; in Lemma 8, we deduce that G(K’/K) is isomorphi 
to a subgroup of 

Finally, in case of it is obvious that G(B,/K) = an 
G(K’/K) = Zz, 


Corottary 1. Theorem 1 holds if condition (1) is replaced by th 
condition (IA): WU H has a strong normal crossing at every point of H an! 
dim | H;| > 1 for j—1,- - -,t. 
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Follows from Theorem 1, in view of [A1, proof of Proposition 6 of 
Section 11].° 

CoroLLaRy 2. Theorem 1 holds if condition (1) is replaced by condition 
(1B): n= and for some labelling of the curves H; we have 

dim | H;| for j=1,-- -,¢. 

Proof. Follows from from Theorem 1, in view of [A2, Proposition 14 
of Section 9]. 

CoroLLaRY 3. Assume that the following conditions hold: (1) W has a 
strong normal crossing at every point of V and dim | W;| > 1 for j=1,---,s; 
(Il) some nonzero integral multiple of W; ts linearly equivalent to some 
integral multiple of W;, whenever 7k; (111) V ts simply connected. Let 
1; be the smallest positive wmteger such that a;W;==0 (mod W,), (7 >1). 
Let a; be the part of a; prime to p, and let a=8(W,,V). Then there exists 
an exact sequence 


7 50, 


where Z? occurs s—1 times and G@ is an abelian group containing a sequence 
of subgroups G=G.,DG,D-:-+-D Gs, such that G, is tsomorphic to a sub- 
group of Za, and Gy./G; ts isomorphic to a subgroup of Za, 


for Consequently 7#(V—W) is abelian and 7’(V—W) 
=7*(V—W). Furthermore, if the subvarieties W; can be labelled so that 
W;=0 (mod W,) for =2,- - -,s, then 


where ZY occurs s—1 times and again a=8(W,,V). 
Follows from Corollary 1 and [A1, Theorem 4 of Section 14]*. 


CoROLLARY 4. Corollary 3 holds if the assumption (1) ts replaced by 
assumption (IA): n= 2 and for some labelling of the curves W; we have 


dim | W;| for j=1,-- -,t; 
ind provided the labellings used in Corollary 3 refer to this labelling. 
Follows from Corollary 2 and [A2, Theorem 4 of Section 10]. 


Remark 2. Theorem 1 of [A3] is now subsumed under Corollaries 3 and 
tabove. Also Proposition 2 of [A3] now follows from Proposition 1 above. 


4. Projective plane mius lines. Let P? be a projective plane over k, 
(s>0) be s distinct lines in P? passing thropgh a common 


“See the correction to [Al] given in [A2, Remark 6 of Section 8]. 
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point P and let P* be a line in P? not passing through P. Then P,; = L, 1 P', 
-+,P,=2,0 FP" are distinct points on P*. In a natural way, we may 

identify &(P*) with a subfield of &(P*). For instance: Choose projective 
coordinates X, Y, Z in P? such that X¥ = Z—0 is P, Y =Z=—0O is P,, and 
X=Y=0 is on Let r—=X/Z and y=Y/Z. Then (z2,y) are affine 
coordinates in P?, LZ, is the line at infinity, P' is the z-axis, and Lz,: - -,L, 
are finite lines parallel to the y-axis. Now we can take k(P?) =-(2,y) and 
k(P') =k(z). 

Let © be an algebraic closure of &(P?) and consider extensions of k(P*) 
and k(P*) only in Q.* 

ProposiTion 2. Let L be a member of Q’(P'—P,—- --—P,) and 
let K=L(y) =compositum of L and k(P?) in Q. Then A(K/P*) 
CL,U::-UL,. Let V be a K-normalization of P? and let $ be the rational 
map of V onto P?. Then W=¢"(P") ts a nonsingular irreducible curve. 
Let w be the restriction of ¢ to W. Then W is a covering of P' with the 
covering map y and we can consider L tobe k(W). [L:k(P*)] =[K:k(P*)| 
and L/k(P*) ts galois if and only if K/k(P?) is galois and in that case 
G(L/k(P*)) and G(K/k(P?)) are naturally isomorphic. Let Pig, be 
the distinct point in w3(P;). Through each Pj passes only one irreducible 
component Lj of and every irreducible component of +(L;) passes 
through one of the points Pj. Thus Ly,: + +, Ljq, are exactly all the distinct 
irreducible components of Let Rj; =Q(L;,P*), (Li V), 
S;=Q(P;, P*), Sixe=Q(Pi, W). Let Ej, Fj, Fit be the quotient fields of 
the completions respectively of Rj, Ry, Sj, Si. Then for all values of j and t 
we have 
d( Ry: Rj) =r( Ry: Rj) =F (Ry: R;) 

= d (Si: S;) =r( Sy: 8;) =F(Sj: Sj); 
g (Rj: Bj) Ry: Rj) 
= 9 (Sit: Sj) =1(Sje: Sj) =1; and 


(1) 
(ii) 


(ili) Hy/EB; and Fy/F; are galois extensions having a cyclic group of order 
r(Sj: 8;) for galots group. 


Now let P*; be any point of L; different from P. Then Ly contains exactly 
one point P*;, of o*(P*;) and each point of ¢1*(P*;) lies on only one Lj. 
Furthermore, (i), (ii), (iii) hold with Py, replaced by P*, and P; replaced 
by 


*Let S be an algebraic closure of k(x) in Q. For convenience we shall denote 
S’(P!— P,—: - -—P,),8’(P'— P,—: - -—P,),: -, ete., respectively by 
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Every point of P? other than P is tamely ramified in k(P?) and V 1s 
nonsingular outside ¢7(P). The P-adic divisor v of P? has a unique exten- 
sion w to K, g(w: v) =[k(V): k(P?)], and hence v is unramified in k(P*) 
and ¢1(P) consists of a single point. Furthermore, K/P? is tamely ramified 
if and only if L€ Q*(P!1—P,—: -—P,). 

Let V* be an immediate quadratic transform of P? with center at P. 
Then K/V* is tamely ramified. 


Proof. First note that k(x) and k(y) are linearly disjoint over & and 
hence [K: k(a,y)]—=[L: k(x)] and K/k(a,y) is galois if and only if 
L/k(x) is galois and then the two galois groups are isomorphic. 

k(z) is a subfield of Q(P',P?) and under the natural epimorphism 
()(P1, P?) P?)/M(P1,P?), k(x) is mapped isomorphically onto 
()(P', P?)/M(P', P?); hence after an identification, we have a natural epi- 
morphism a: Q(P?,P?)— k(x). Let W be an irreducible component of 
o1(P'). Since L is algebraic over k(x), we must have 1 C QY(W,V). Hence 


[L: k(x)] =[k(V): k(P2)] = 9(Q(W.V): Q(P1,P2)) = [L: k(2))]. 


Therefore ¢-'(P*) is irreducible, i.e., W=¢'(P*), and is unramified in 
k(V); and under the natural epimorphism Q(W,V)~Q(W,V)/M(W,V)., 
Lis mapped isomorphically onto Q(W.V)/M(W,V). Hence after an identi- 
fication we have a natural epimorphism Q(W,V)— JL. It is clear that this 
epimorphism is an extension of a and we shall continue to denote it also by z. 
It is via « that we may regard k(a) and L, respectively, to be k(P!) and k(W). 
Let us note that for any point Q of W we now have: 


a(Q(Q,V)) =Q(Q,W) and Q(M(Q,V)) =M(Q,W). 


Let A be the integral closure of k[z,y] in K, and let B be the integral 
closure of k[z] in L. Then BCA and hence via a, we conclude that every 
point of W lying above a point of P' at finite distance is a simple point of W. 
Also, replacing x by 1/x and y by y/x we can similarly conclude that every 
point of W lying above the point at infinity on P* is a simple point of W. 
Thus W is nonsingular and hence the restriction y of ¢ to W is a covering 
map of W onto P’. 

For 7 = 2,: - -,s, let a; be the element of & such that the point P; of P? 
has affine coordinates (=a; yO), i.e., P; as a point of P? has affine 
coordinate (a—a;). Let J and J be the ideals respectively in k[x, y] and k[z] 
generated by - Then J” C A(B/k[a]) for some posi- 


° We shall use the results of [Al, Section 2] and [A6, Section 2] without explicit 
references. 
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tive integer m.°. It is clear that if w,,- - -,w, is a k(z)-basis of L belonging 
to B, then it is also a k(x,y)-basis of K belonging to A and the L/k(z)- 
discriminant of coincides with its K/k(a, y)-discriminant. There- 
fore A(B/k[x]) C A(A/k[a, y]) and hence J™ C A(A/k[z, y]). Consequently, 
the finite part of A(K/P?) is contained in L,U- - -U L, and hence A(K/P?) 
-UL,. 

Let zj=2—a; Then and H;=k(x)((z;)). Let 
be distinct elements of k. By the theorem of independence of 
valuations, there exists a primitive element z; of L/k(x) belonging to B such 
that 

2; =bj (mod M(Py,W)) for t—1,- - -,q;. 


Via 2, we deduce that 


2;=by(mod M(Pj:,V)) for t=1,- - -, qj. 
Let f;(Z) be the minimal monic polynomial of z; over k(x). Then 


where are monic pairwise coprime irreducible polynomials in 
k[ [2;]][Z] such that 


(2) fit(Z) = (Z — bye) (mod a;) for -, gy. 


In view of Lemma 4, we conclude that L; is tamely ramified in K. Hence by 
Lemma 5, for ¢=1,- - -,q,;, exactly one irreducible component Lj, of 
passes through Pj. Also from (2) we deduce that z;=bj,(mod M(Lj, V)) 
for some h. Since AN M(Pp,V) DAN M(Ly,V), we have 


Din (mod M (Pa, V) 


Therefore we must have h=1. Similarly, z2;=6;(mod M(Lj,V)) for 
t=1,---,q; From this it follows that Lj,,-- -,Ljq, are all distinct and 
hence they are exactly the irreducible components of ¢'(L;). Replacing 2; 
by 1/z and y by y/x, we can deal with the case of P, in a similar manner. 
In view of these considerations, (i), (ii), (iii) now follow from Lemma 4. 
Also in view of Lemma 5, it follows that (i), (ii), (iii) hold if we replace 
Pj by P*, and P; by P*;. Therefore every point P? other than P is tamely 
ramified in K and by Lemma 5, V is nonsingular outside ¢1(P). 

Let and z=1/y. Then (Z,Z) is a minimal basis of M(P, 
and Consequently, k(x) C R, and under the natural epimorphism 


° A(B/k[a#]) denotes the discriminant ideal of B over k[a], i.e., the ideal in k[a] 
generated by the L/k(«)-discriminants of all the various k (a) -bases of L belonging to B. 
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| RP, Ry/M», k(x) is mapped isomorphically onto R,/M,. From this it follows 
| that v has a unique extension w to K, g(w: v) =[K: k(P?)] and hence w is 
» unramified in K. Since v has center P on P?, ¢-'(P) consists of a single point. 
Let L* be the least galois extension of k(x) in Q containing L and let 
K*=L*(y). Then K* is the least galois extension of k(z,y) in © con- 
| taining K and as above, Q(P, P?) does not split in K*. Therefore P is tamely 
» ramified in K if and only if [L*: k(x)] is prime to p, i.e., K/P? is tamely 
| ramified if and only if L€ 0*(P*—P,—: - -—P,). 

Finally, let uw be the map of V* onto P?. Since v is unramified in K and 
since V* is nonsingular, we have that A(K/V)C u[Li]U- 
Now w3[Z,]U- - -Uu[Zs] is nonsingular [A2, Section 7], and hence by 
' Lemma 5, we conclude that K/V* is tamely ramified. 


; THEOREM 2. For L in O’(P1—P,—:--—P,;) let rL=L(y), and 
let be arbitrary nonnegative integers. Then we have the following: 
(1) Gwen H in O(P?—L,—: + -—L,) such that every point of P? other 
than P is tamely ramified in H, there exists L in (P'—P,—- - -—Ps) such 
that H=rL. For any L in O'(P!'—P,—: - -—P,), [L: k(P')] 
=|rL: k(P?)|; and L/k(P") ws galois if and only tf rL/k(P?) is galots 
| und then the two galois groups are naturally isomorphic. 


0’ (P? — L, —: -— L,) = a*(P?—L,—- - -—L,) 


and hence (P?—L,—:- -—L,) =7*(P?—L,—- - 


(IV) + maps O*(P*— P,—- - -—P,) onto O*(P?—L,—- - -—L,) ina 
one-to-one manner. 

7(Q*(P!— (P,,m,) -— (Ps, ns))) 

= 0* (P? — — (Lg, ns) ). 
and —: -— (Ps 2s) ) 
naturally isomorphic respectwely to and 

(P?— (L,,m) -— (Lg) ). 

Proof.’ Since k(x) and k(y) are linearly disjoint over k, in view of 
| Proposition 2, it is enough to prove that given H in 0,(P?—L,—- - -— Ls) 
such that every point of P? other than P is tamely ramified in H, there exists 


ul in 0/,(P!—P,—---—P,) such that H=L(y). Let V be a H- 
; hormalization of P? and let ¢ be the rational map of V onto P?. Now 


dim | P?| —»(P?,P*U L,U- --UL,;P?) =2—0>1, 


F and hence by Lemma 5 and [A2, Proposition 14 of Section 9], W=¢"(P°) is 


| 
| 
| 
| 


360 SHREERAM ABHYANKAR. 


irreducible‘ and nonsingular. Restricting ¢ to W, W becomes a covering of P'. 
Since V/P*is tamely ramified except possibly at P, and since H/k(P?) is galois, 
the quotient of [H: k(P?)] by the number of points of V (i.e., of W) lying above 
any point of P' is prime to p. Now [H: k(P?)]=[k(W): k(P*) ] and hence 
the quotient of [k(W): &(P*)] by the number of points of W lying above 
any point of P! is prime to p. Since k(W)/k(P") is also galois and W is 
nonsingular, we conclude that W/P* is tamely ramified. Also A(W/P') 
CP,U---UP,. Let D and E be the residue fields respectively of Q(P', P*) 
and Q(W,V), and consider D to be a subfield of # in the natural manner. 
Then E/D is galois and there exist a natural isomorphism o of D onto k(z). 
and consequently o can uniquely be extended to an isomorphism o* of /’ into 
Q. Let L=o*(#). Then Let H’=L(y) 
and let H* be the compositum of H’ and H* inQ. Let V’ and V* be respec. 
tively H’ and H* normalizations of P?, and let ¢’ and ¢* be the rational maps 
respectively of V’ and V* onto P*. By Proposition 2, A(H’/P?)C L,U--- UL, 
and every point of P? other than P is tamely ramified in H’. Therefore 
A(H*/P?)C L,U-+-UZ, and every point of P? other than P is tamely 
ramified in H*. Therefore by [A2, Proposition 14 of Section 9] W* = ¢"'(/") 
and W’=4¢’1(P") are irreducible.’ Let H* and LH’ be the residue fields 
respectively of Q(W*, V*) and Q(W’,V’). It is clear that H’ and EF are D- 
isomorphic. Since P! is unramified in H*, it follows by Lemma 1 that 
d(Q(W*, V*): Q(W’, V’)) =1. Since Q(W*, V*) is the only local ring m 
H* lying above Q(W’, V’), we conclude that H* = H’. 


For j=1,---,h (hss) let v; be a valuation of k(P*)/h 
of k-dimension one and having center at a point Q; of L; other than P and lel 
nj =0;(M(Q;,L;,P?)). Then 

= F*(P?—L,—- 

= 7* (P? — 11) — (La, mm) — Ls) 
= 7* (P? — (Pi, 71) (Pr, Mn) -—P,). 


Follows from Theorem 2 and Lemma 5. 


* From the proof of the quoted result it is clear that to deduce the irreducibility of 
(respectively: ¢’(P") ), it is enough to know that every point of 
which lies on P' is tamely ramified in H* (respectively: H, H’). 
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Remark 3. Let s=3 and assume p0,2. Then by [A5, Proposition 3 
of Section 3], it follows that 


and in fact that #*(P1— P,—- - -—Ps) and 7’(P1— P,—- - -— Ps) are 
nonisomorphic. Let V* be an immediate quadratic transform of P? with 
center at P, and let uw be the map of V* onto P?. Then from Proposition 2 
we deduce that there exist extensions K of k(P?) such that A(K/V*) 
A(K/P?)C L,U---UL,, K is tamely ramified 
over V* but not so over P?. Note that V* and P? are both nonsingular, 
and P?—L,—---—L, are biregularly equiv- 
alent, and K is unramified everywhere on these open varieties. Thus tame 
ramification is not a birational invariant even for nonsingular models and more 
specifically in the present case V*—u1(L,U---UJZ,) and P?—L,—- - - 
—L, are biregularly equivalent but w(V*—wu(L,U---UZ,)) and 
7 (P?—L,—---+:—Lg) are not tsomorphic, since by Proposition 2 and 
Theorem 1 these two groups respectively are isomorphic to 
(P'— P,—---—P,) and 7*(P!'—P,—- - :-—P,). 


Another consequence of the above consideration is that P is the only 
point of P? which is non-tamely ramified in K. Thus one does not have a 
theorem of purity for non-tame branch loci on a nonsingular variety. 


THEOREM 3. We have the following: 
(I) O°(P?—L,—- -—L,—P') =0*(P?—L,—: -—L,— 
and hence 
(P?—L,—- - -—L,— P!) =7*(P?—L,—: - -—L,— FP"). 
(II) O*(P?—L,—- - -—L,— 
=the compositum of 0*(P!— P,—: - -—P,) and 
Q(k(y),y) ma 
=the compositum of Q*(P?—L,—- - -—L,) and 
Q(k(P?),y) im Q. 
(IIT) Q* (P?—L,—- - -—L,)N Q(k(P?),y) =k(P?). 


(IV) (P*—L,—- - -—L,—P!) #*(P!—P,—- --— P,) @ 


Proof. Follows from Theorem 2, Proposition 1 and Theorem 1. 
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TuroreM 4. Let v; be a valuation of k(P?)/k of k-dimension one having 
center P; on P? such that v;(M(P;,P',P?)) =1 for j=1,-- -,h, with 
O0<h<s. Let Let my=(m- /nj. Let d be 
the greatest common divisor of m,,- Let n be the part of mn) /d 


prime to p. Then 


= 7*(P?—L,—: - + 


and there exists an exact sequence 
7*(P?—L,—- 
—> #*(P!—(Pi,m) -— (Pa, %) —Pau—: Ps) 
—>Z,—2 0. 


Proof. Relabelling the lines L; we may assume that L, is the line at 
infinity. Then is given by x—a;(aj€k) for j—1,---,s—1. Let 


Then v;(w) =0 for j}=1,:--,A and for any integer a prime to p we have 
A(K (ui/*)/P?) C where K=k(P?). Hence the com- 
positum of 0/(P?—L,—- 5) and Q(K,u) is con- 
tained in (P?—L,—- - Now let K* he 
a member of 0’, Let & 
= ()(P1,P?). By [A2, Proposition 14 of Section 9], it follows that there is 
a unique local ring R* in K* lying above R. Let m—r(R*: R) and let t 
be an (mn)-th root of u in Q. Let L=K(t) and L*=—K*(t). Then L* 
belongs to 0’, (P?— L,—- - -—Ls—P' +r, +--+ -+0,). Let be the 
unique local ring in L* lying above R. ~. +t K’ be the inertia field of S* over 
R and let L’ be the compositum of K’ and L. Then as in the proot of 
Proposition 1 of Section 3, we deduce that L’=L*. Now we have 

Consequently, 0’(P?—L,—- is the 
compositum of 0/(P?—L,—-: and Q(K,u). It 
is clear that uw does not have a g-th root in K for any g > 1 and that 


O* (P?—L,—- - = K (ul). 
Now the theorem follows from Theorems 2 and 3 and Lemma 7. 


Remark 4. Let M,=FP* and let - -,My, (> 0) be distinct lines 
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in P? passing through P,, other than P* and L,. Let S be a line through P, 
other than Z, and let T be a line through P other than L,. Let 8; =SOL; 
and T;—=TOM; and lett Then P?—L,—---—L,.—M, 
can be considered to be the product of S—S8,—- - -—S, and 
T—T,—-+-—T;. In the classical case, when k is the field of complex 
numbers, by the product theorem we have 
m,(P? —L,—- -—L,—M,—: - 
= m(S—S8,—-: -— §,) (T—T,—: -—T;). 
Consequently, in the abstract case, it can be conjectured that 
(P?—L,—: -—L,—M,—: - 
@z*(T—T,—: -—Ts). 
Now [A5, Proposition 6 of Section 3], 7*(7—T,) =1 and 7*(T—T,—T.) 
=, Consequently, the above conjecture has been proved for t=1,2 in 
Theorems 2 and 3 respectively. 


However, it follows from Remark 3 (p 40,2; s=3, t=1) that such a 
product theorem does not hold for 7’. 


Also we note the following. Let 


( 
( (P? — (Ly, (Ln, m) -— P), 
( (P?—L,—- ‘+ U4, P), 

0’ (P?— L,—: -—L,— P,P), 

(P?—L,—- -—L,—P'+%,+- --+%,P) 


be the compositums in Q of all finite algebraic extensions K of k(P?) such 
that respectively (1) A(K/P?)C L,U---UJZ, and every point of P? other 
than P is tamely ramified in K, (2) ..., (8) ..., (4) ..., (5) ..., where 
the notations are as respectively in (1) Theorem 2, (2,3) Corollary of 
Theorem 2, (4) Theorem 3, (5) Theorem 4. Let #’(P?—L,—- - -—L,,P), 
‘++, denote the corresponding galois groups over k(P*). Then from the 
proofs of the quoted results we deduce the following: 
(1) =7(P’—P,—: -—P,); 
(2,3) (L,,2,) - -— (Ln, m) Ly, P) 


(4) 7(P?—L,—- - -—L,— FP, P) =7(P*—P,—- - -—P,) @ 2; 
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(5) there exists an exact sequence 


—>Z,— 0. 


Remark 5. Let D;, D2, D; be nonsingular curves in P*. Let d; be the 
order D;. Let Q be a point of P?. Assume that Q9=D,N D.=D,/N D, 
=D. D, and that D,, D., D; are pairwise nontangential at Q. If at least 
one of the curves D; is not a line, i.e., if max(d,, d2,ds) > 1, then by Theorem 
2 of [A3] it follows that 7(P?— D,—D.—D,) is abelian. However, if 
d, = d, = d,; = 1, then we can take s = 3 and L; =D; and then by Theorem 2 
it follows that 7 (P?—D,—D,—D;) and 
z* (P!— P, —P.,— Ps) is certainly infinite and unsolvable [A5, Proposition 
3 of Section 3] provided p¥2. 

Remark 6. Let P* be a projective line over & and let P;,: - -,P» be 


distinct points in and let - be also distinct points in In 
view of the situation in the classical case, one expects that 


- P,) iP" @,—- - 


This is obviously true for n = 3 [A5, Lemma A3 of Section 8]. 
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TAME COVERINGS AND FUNDAMENTAL GROUPS OF 
ALGEBRAIC VARIETIES.* 


Part V: Three Cuspidal Plane Quartics. 


By SHREERAM ABHYANKAR. 


Introduction. Let H be an irreducible three cuspidal quartic in the 
projective plane P? over an algebraically closed ground field &. For the 
case when k is the field of complex numbers, using the projection of a cubic 
surface with a double line and employing some facts from the theory of tri- 
section of periods of elliptic functions, Zariski [Z] found 7,(P?—#H) to be 
- anonabelian group of order 12. In this paper we show that (Theorem 1 and 
Remark 1) if & is of arbitrary characteristic p+42,3 (for p—2, H does not 
- exist [A5]), then 7 (P?—#) is a nonabelian group of order 12 which is the 
same as the one found by Zariski. In the abstract case, the theory of trisection 
_ of periods of elliptic functions and the topological tools employed by Zariski 
_ are not available and consequently our method is entirely geometric. In rough 
outline it is this. Our first step is the same as that of Zariski, namely we 
project a cubic surface with a double line to get a three cuspidal quartic as 
branch locus on a projective plane (all three cuspidal quartics are projectively 
equivalent [A5]). However, we immediately pass to the corresponding “ re- 
solvent surface” (i.e., the associated galois covering) and obtain a birational 
plane representation of it. Employing the results of [A1,2] together with a 
telation betwen the ramification of a branch curve and the ramification of 
the P-adie divisor at a simple point P on it [A4, Lemma 5V] and a case of 
“invariance of tame ramification” [A4, Lemma 6] we show that the “ uni- 


_ versal covering” of the “resolvent surface” minus the corresponding branch 
curve is a double covering. The rest is then elementary galois theory. In 
| Remark 2 we examine as to how far we could have gotten by directly using 
| the results of [A1, 2,3] without the intervention of Lemmas 5V and 6 of [A4]. 


| We remark (Remark 4) that “the cubic surface ” and “the resolvent surface ” 


are birationally equivalent since both are rational surfaces. 


The preliminary information on cubic surfaces with a double line and the 


* Received June 3, 1959. 
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corresponding “resolvent surface” is contained in [A5] and that paper also 
contains some applications of the corollary (Theorem 2) of the main result 
(Theorem 1) of this paper. In [A5] it is also shown that the branch locus 
of a projection of a cubic surface with a double line need not be a three 
cuspidal quartic for special positions of the point of projection. 

In [Z], Zariski has also shown that 7,(P?—H?’) is cyclic for any irr. 
ducible curve H’ of order at most at most four except when H’ is a thre 
cuspidal quartic. The corresponding statement in the abstract case will be 
proved in Part VI of this series and there we shall also study 7’(P? — H’) wher 
H’ is a reducible curve of order at most four. 

We shall use the notations, conventions and definitions of [A1, 2.3, 4] 


1. A lemma. 


Lemma. Let G be a nonabelian group of order 12 such that there eawsis 
an exact sequence 0->Z,—> G—>Z,— 0, where Z, is a cyclic group of order 4 
and Z; is a cyclic normal subgroup of G of order 3. Then (1) G ts generated 
by two generators a and B having (a2*=—1, B*=1, BaB* =’) as a complet: 
set of relations. Furthermore, (2) G contains unique subgroups G2, Gy, 6, 
of indices 2, 4, 6 respectively; (3) G contains exactly three subgroups (',, 
G3, G3, of index 3. (4) Ge, Gs, Ge are normal in G. (5) G2. (6) G/6, 
and G/G, are cyclic. (%) G/G, is isomorphic to the symmetric group on} 
letters. (8) G's, G?s, G°, form a complete set of conjugates in G and they 
generate Ge. 


Proof. We shall give two proofs of (1). First proof: By Holder’ 
theorem [Zs, Theorem 20 on page 99] G is generated by two generators 2 
and 8 with the complete set of relations: 


Bt=at, 
where i and j are integers such that 


j*=1(mod3) and 1(7—1) =0 (mod 8). 


Since a? 1 we may take iO or 1 or 2 and j=0 or 1 or 2. Since Gis 
nonabelian, we cannot have j—1. Since G is of order greater than 4, we 
cannot have j=0. Therefore Hence (mod 3) 0=i(j —1)=71(2—1) 
=1. Thereforei—0. Thus the complete set of relations are: = 1, B*=1, 
BaB-*=«?. Second proof: Since 4 is the highest power of 2 which divides 
12, G contains a Sylow subgroup Z’, of order 4. Since 4 and 8 are coprime, 
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7,0 Z3=1 and ZZ’, is of order divisible by 3 and 4 and hence by 12 and 
hence Z,2’,—= G. Hence by the homomorphism theorems we have 


Therefore Z’, is cyclic. Let « and B be generators Z, and Z’,, respectively. 
Then «® 1, B*—1, and BaB*—ai since Z; is normal. j0 since a1 
and 71 since G is nonabelian. Therefore 72. The group given by these 
generators and relations is easily seen to be of order 12 and hence these 
relations form a complete set. 

Since Z; is a normal subgroup of G and since 3 is the highest power 
of 8 which divides 12, Z; must be the unique (Sylow) subgroup of @ of 
order 3, i.e., index 4. Thus G,—Z; and G/Z;~Z,. From this it follows 
that G. is unique, G, C G., G, is normal in G and G/G, is cyclic. By the 
second proof of (1), it follows that Z’, is not normal in G for otherwise G 
would be a direct product of Z; and Z’, which would contradict nonabelian 
nature of G. Let f: G—>S8s3 be the homomorphism of G into S,; obtained 
via the left cosets of Z’, where S; is the symmetric group on three letters. 
Since Z’, is not normal, f(G) cannot be of order 3. Hence f is surjective 
and the kernel of f is a normal subgroup G, of G of index 2 and G, is the 
smallest normal subgroup of G containing Z’,. Since Z’, is a Sylow sub- 


group of G, we deduce (3) and (8). It now remains to be shown that G, 
is the only subgroup of G of index 2. Let G';—2Z’, and let G*, and G*, 
be the other conjugates of Z’,. Let G’, be any subgroup of G of index 2. 
By Sylow’s theorems, G’, C Gi, for some 7 and there exists an inner auto- 
morphism g of G@ such that g(G/,) =Z’,. Since Gz is the only subgroup of 
Z’, of order 2, we must have g(G@’,) —G,. Since @, is a normal subgroup 


of G, we must have G’, = Gg. 


2. Results and remarks. 


THEOREM 1. Let P*® be a projective plane over an algebraically closed 
ground field k of characteristic p43, let H be an irreducible quartic in P? 
having three cusps, let 2 be an algebraic closure of K =k(P?). Then (1) 
7(P?—H) is a nonabelian group of order 12 generated by two generators 
B having B*==1, BaB-* =a?) as a complete set of relations; 
(2) Q’(P?—H) contains unique members Ke, K,, Ke, Kiz respectively of 
degrees 2, 4, 6, 12 over K; (3) Q’(P?—H) contains exactly three members 
kK’, K*,, K*, of degree 3 over K; (4) Kz, Kx, Kio are galois over K; (5) 
G(K,/K) and G(K./K) are cyclic; (6) @(K./K) is isomorphic to the 
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symmetric group on three letters; (7) G(Ki2/K) =7 (P?—H); (8) K’,, 
K?,, K*, are a complete set of K-conjugates in QO and Kg is the compositum 
of K*,, K*,, K*, in Q; (9) K',/k, K*3/k, K*3/k and are all pure trans- 
cendental extensions. Also (10) p42 and hence 7*(P?— H) =7 (P?—H), 


Proof. For p=2 there does not exist any irreducible quartic with three 
cusps [A5, Proposition 2 of Section 1] and hence we must have p2. Also 
by [A5, Proposition 2 of Section 1 and Lemma 3 of Section 2] we can choose 
a k-general affine point (#,z) of P? such that H has the affine equation 
1 — 4a — — 27772? + Let K’ be the splitting field over 
K =k(P?) =k(a,z) in Q of the polynomial T* + T?+ zt+ 2720. Let 
V’ be a K’-normalization of V and let ¢ be the rational map of V’ onto J. 
Then [A5, Proposition 3 of Section 6] we have the following: (1) @(K’/K) 
is isomorphic to the symmetric group S; on three letters. (2) K’/P? is 
tamely ramified. (3) A(K’/P?)=H. (4) $7*(#H) has three irreducible 
components H,, H», H;. (5) There exists a birational map y of V’ ontoa 
projective plane P’? over k& with the following properties: y has exactly two 
fundamental points B and C on V’; 6=y(B) is an irreducible conic and 
c=y(C) is a line meeting b in two distinct points d, and d,;h; =y[H;] isa 
line meeting b in two distinct points a; and @’;; hy, ho, hs have a point y 
iN COMMON ; Az, Az, %2, y, di, dy are all distinct points; a1, do, ds, di, d, 
are the only fundament! points of A, = Ao = As = 
D, =w"(d,), D2 =y(d.) are distinct irreducible curves on V’ and none of 
the curves H; are among these; the real discrete valuation a; of K’/k having 
center A; on V’ is the a;-adic divisor of P’*; and the real discrete valuation }; 
of K’/k having center D; on V’ is the d;-adic divisor of P”. 

Let K, be a galois extension of K’ in © such thot K,/V’ is tamely 
ramified and A(K,/V’) C H,UH,UH;. Then 


A(K,/P”) Ch,Uh,U 
and by [A4, Lemma 6], K,/P” is tamely ramified. Now 


=0 


and dim | b| 5 >2—2-+0 and hence [A2, Proposition 14 of Section 9} 
the real discerte valuation b of K’/k having center b on P’” has a unique 
extensions 6, to K,. Let L be the inertia field of 6, over 6. Then A(L/P”) 
Ch,Uh,Uhs Uc. Since A(K,/V’) and A(K,/V’), a; and b; 


and unramified in L. Since a; (respectively: ),) is the aj-adic (respectively: 
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j,-adic) divisor of P’* and since a; is a simple point of h; (respectively: c) 
as well as of h; Uh,Uh; Uc, by [A4, Lemma 5V] we conclude that h; and c 
are unramified in Z and hence L/P” is unramified. Therefore [A1, Section 13] 
L—=K’ and hence K,/K’ is cyclic [A1, Lemma 14] of order n, where n is 
prime to p in case p40. Choose an affine k-general point (u,v) of P”/k 
for which hy, he, hz, 6, c are all at finite distance. Let 91, 92, 93, B, € be 
irreducible polynomials in k[ u,v] which give h;, ho, hs, b, c respectively. Then 
we can find a primitice element q of K,/K’ such that 


22H 


where 7, 72, 7s, 8, ¢ are integers [A1, Section 13]. Since the line at infinity 
on P’” is not ramified in K,, we must have 


(6) rr tre + 2s + t=0 (modn). 


Now 0,(Q) =s+t, aj(Q) =r; +s. Since d, and a; are unramified in K, 


we must have 
(7) stt=r,4+s=r.+s=r,+ s=0 (modn) 


Le, =—s(modn); and substituting in (6) we obtain, 
—2s=0(modn). Therefore 


(8) — 28 = 2r, = 27, = =0 (modn). 


Let m be any prime divisor of n. Suppose if possible that m542. Then (8) 
implies that s=¢=r, =r.=1r;=0mod m) and hence g"/™€ K’, which is a 


contradiction since n/m is a positive integer less than n and since n = [K,: K’] 
=[K’(q):K’]|. Therefore n = 2¢, where e is a nonnegative integer. Suppose 
if possible that e>1. Then (8) implies that s=t=7,=r,=7r,;=0 
(mod 2@1) and hence q”/?€ K’ which is a contradiction. Therefore n 1 or 


N= 2, 


Now let = let g be a square root of in and take 
K,== K’(q). Then A(K,/P”) =h, Uh, Uhg U b Uc because 1+1+1—2 
+1=0(mod2). Also d,(Q) =d.(Q) =a2.(Q) =a;(Q) =0 and 
hence D,, Dd», Q,, Qs, az are all unramified in K,. Therefore by (5), we can 
conclude that A(K /V’) =H, UH,.U Ws. 

From these considerations and from the results of Section 2 of [A1j 
we conclude that K, is the compositum of all galois extensions of K in Q 
which are tamely ramified over P? and for which the branch locus over P? 
is contained in H (and hence coincides with H); and K,/K is galois and 
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G(K,/K) =7'(P?—HZ) is of order 12. Since G(K’/K) is isomorphic to S, 
which is nonabelian, 7’ (P?— H) is also nonabelian. Let K” be the fileld in 
generated over K by a fourth root of 1—42—42—272*z? + 182z. Then 
K”/P? is tamely ramified and A(K”/P?) =H. Therefore K” C K;. Now 
K”/K is a galois extension whose galois group is a cyclic group Z, of order 4. 
G(K,/K”) is a normal subgroup of G(K,/K) of order 3 and hence G(K,/K”) 
is a cyclic group Z; of order 3. Thus we have the exact sequence: 


The rest now follows from the lemma. 


Remark 1. Let the notation be as in Theorem 1. Let g, = £8 and g; = 28. 
Then g, and g; also generate 7’(P?— H). We want to show that (1’) g;*=4,’, 
(2’) g:*=1, (3’) (9193)? =g:.? form a complete set of relations. This will 
then identity 7’(P?— H) with Zariski’s calculations [Z, Section 9]. Denote 
the relations on « thus: (1) a#®—1, (2) B*=—1, (3) Proof 
that (1,2,3) > (1’, 2’, 3’): Obviously (2) > (2’). Also gs? == «a(a?B)B (by 
3) = a°8? = g,? (by 1). This gives (1’). Now = BaB = BaB'B? = 
(by 3); and (3) > — =a? > 

= (B0°B) B = > > (g.g2)* = = =f 
(by 1 and 2) =g,?. This gives (3’). Proof that (1’,2’,3’) > (1,2,3): 
Obviously (2’) > (2). Also 


(2’) and (4’) give 
(5’) = 


and 


(6) Ba a*B. 


Now (3’) > (Baf) (BaB) (Ba8) — — (by 6") 
ag —a (by 5’) (by 2) (by 
6’) = > which gives (1). Also and 1) > =a? which 
gives (3). 

Note that, 7’(P?— H) found in the above theorem is isomorphic to the 
group found by Zariski also follows from Theorem 1 directly. 


Remark 2. Referring to the proof of Theorem 1, we want to examine 
how far we can get by directly using the results of [A2] and [A3] without 
the intervention of [A4, Lemmas 5V and 6]. (1) Since #(P?—#H) turns 
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out to be nonabelian, Theorem 3 of [A2] could not possibly have been applic- 
able to P? —H. This is borne out by the inequality dim | H | —v(H,H; P?) 
=14—15 <2 [A5, Proposition 2; and A2, Section 7]. (2) By [A5, 
(48,49) of Section 6], dim | H;|=3 and v(H;,H,U H,U H;;V’) =3 and 
3—3 < 2 and hence we could not have applied Theorems 1 or 2 of [A2] to 
)’—H, —H.—Hy;. (8) Let K* be an extension of K obtained by adjoining 
a root of the polynomial T* + T? + 2T + 2’z in QO (K’ is then the least galois 
extension of K in Q containing K*, see (8), Section 3 of [A5]) let V* be a 
K*-normalization of V and let ¢* be the rational map of V* onto V and let 
¢, be the rational map of V’ onto V*. Then [A5, (11, 16, 23, 31, 33, 40) of 
Section 3 and 6] ¢*-!(H) has two irreducible components H*, and H*, and 
¢,?(H*,) =H, and = H;; also V* is simply connected and 
nonsingular and dim | H*, | = 5, dim | H*, | = 6, v(H*;, H*, U H*,; V*) =6. 
(Consequently we could not have applied Theorem 1 or Theorem 2 of [A2] to 
* — H*,—H*,. In view of [A2, Proposition 14 of Section 9], that 
dim | H*,|—»(H*., H*, U H*,; V*) < 2 is borne out by the fact that H*, splits 
in K’ (and hence in K,); however H*, does not split in A, and consequently we 
could not have a priori predicted that dim | H*, |—v»(H*,, H*, U H*,; V*) < 2. 

Now let us see how much further we get by allowing the use of [A4, 
Lemma 6] but not that [A4, Lemma 5V]. (4) Theorem 2 of [A3] is not 


applicable to P’?—h, —h,—h,—b—c since dim|h;|—2 and 


(5) By [A: (24), (27), (28), (29), of Section 6 (Correction to (24): B 
should be replaced by B*)] there exists a birational map y* of V* onto a 
projective plane P** such that there is only one point B* of V* which is 
fundamental for y*, b* =y*(B*) is a line, exactly two points a*, and a*, 
on P*? are fundamental for A*,=y*1(a*,) and 
are distinct irreducible curves on P** different from H*, and H*.,, the 
Valuation a*, of A*/k having center A*, on V* is the a*,-adic divisor of 
p* h*, =y*[H*,] and h*,—y*[H*,] are distinct irreducible conics on 
Pp h*, and h*, meet at two points neither of which is on b* and at 
each of them they have a 2-fold contact, h*, meets b* in a*, and in another 
point, h*, meets b* in a*, and in another point, v(h*;,h*, Uh*,; P*?) =4 
and dim | h*; | = 5 and hence dim | h*; | —v(h*;, h*, U h*.; P*?) <2. Because 
of the last inequality we cannot apply Theorem 2 of [A3] to P*?—h*, 


—h*, — 


Finally let us see how far we get by allowing the use of [A4, Lemma 6] 


) 

e 
e 
it 
1s 


372 SHREERAM ABHYANKAR. 


as well as that of [A4, Lemma 5V], but not passing to the least galois 
extension K’ (i.e., staying with K*). (6) Let K be a galois extension of K* 
in © such that K/V* is tamely ramified and A(K/V*) C H*,U H*,. Then 
by [A4, Lemma 6], K/P*? is tamely ramified and A(K/P*?) C h*, Uh*,U b*, 
Now v(b*,h*,U h*,U b*; P*?) =0 and dim|6*|—2. Hence by 
Proposition 14 of Section 9], the valuation b* of K*/k having center b* on P* 
has a unique extension b to K. Let K* be the splitting field of b over b*. 
Then A(K*/P*?) C h*, Uh*,. Since a*, is a simple point of h*, as well 
as h*,U h*, and A*, H*, U H*,, by [A4, Lemma 5V] we conclude that 
A(K*/P**) C h*,. Consequently [A1, Section 13], K*/K* is cyclic of order 1 
or 2 and K/k* is cyclic. Thus without passing to K’ we have found that 
7 (V*— H*,—H*,) is either cyclic or metacyclic. (Note that from the 
proof of Theorem 1 it actually follows that 7 (V* — H*,— H*.) is cyclic of 
order 4.) 


THEOREM 2. Let the notation be as in Theorem 1. Let H be any 
other irreducible quartic in P? having three cusps. Let K*;, K., Ky. 
Ko, be the respective extension of K in O’(P?—H). Let - -, 
+, Vie be normalizations of P? in K3,- respectively. Let 
be the rational maps respectively of - -,Vi2 onto P?. Then 
(1) there exists a biregular map (in fact a projective transformation) f of P° 
onto itself such that f(H) =H. Now let f be given as in (1). Then (2) 
there exist biregular maps Jos respectively of V's, V2 
onto respectively V13,---,Vi2 such that b12912 = fore 
Furthermore, (3) K1,/k, K*3;/k, K*;/k and Ke/k are pure transcendental 
extensions. 

Proof. (1) is proved in Proposition 2 of Section 1 of [A5] and from it 
(2) and (3) follow by Theorem 1. 


Remark 3. Elsewhere we shall show that none of the extensions K./k. 
K,/k, Ky2/k are purely transcendental. 


Remark 4. If the assertion in the last paragraph of [|Z] which says that 
“". . 3 types of birationally distinct irreducible algebraic functions, which 
admit the 3-cuspidal quartic as branch curve, one of order 3, one of order 6 
(which is defined by the resolvent of the cubic equation in the previous 
case), ...” were to be interpreted as meaning that V2, and V, are birationally 
distinct, then that would be erroneous, because by Theorem 2, V1; and V, are 
both rational surfaces (i.e., birationally equivalent to a projective plane). 
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TAME COVERINGS AND FUNDAMENTAL GROUPS OF 
ALGEBRAIC VARIETIES.* 


Part VI: Plane Curves of Order at Most Four. 


By SHREERAM ABHYANKAR. 


Introduction. Throughout the paper we shall use the definitions, results 
and conventions of [Al, A2, A3, A4]. Also & will denote an algebraicall) 
closed ground field of characteristic p, P? will denote a projective plane over |. 
W will denote a curve in P*, K will denote k(P?), and © will denote an 


algebraic closure of K. 
In this paper we study 7 (P?— W) under the assumption that the order 


of W is at most four. The results are summarized here. P* here will denote 
a projective line over # and P;, P2,- - -, will denote distinct points on P’. 

(A). If W is irreducible, then 7 (P?— W) =7*(P?— W) is a cyclic 
group whose order equals the reduced degree of W; except when W is a three 
cuspidal quartic. 

(1) If W is a three cuspidal quartic, then 7’ (P*— W) = 7*(P*—W) 
is a nonabelian group of order 12 provided p43 (this case does not occur 
for p=2). 

(B). If W has two irreducible components at least one of which is a 
line, then 7 (P? — W) =7*(P?— W) = Z? except in the following Case (2). 


(2) W consists of a cuspidal cubic together with its flex tangent: Assume 


p 2,3. Then (P?— W) =7*(P?— W) and there oxists an exact sequence 
0— 7* (P!— P,— P.— @ 7 (bh? —W) 8; 0, 


where S; is the symmetric group on 3 letters. 7(P?—W) is unsolvable 
provided p5. 


(C). If W consists of two conics, then 7 (P?— W) = 7*(P?— W) and 
or Z according as or p=—2; except in the 
following case (3). 


* Received June 3, 1959. 
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(3) W consists of two conics either having one common point or having 
two common tangents: 
(P?— W) (P? — W) = — P, — P2 — (Ps, 2). 
If p= 2 then (P?— W) = and if p~2,3,5 then 7 (P?— W) is infinite 


and unsolvable. 


(D). If W has three irreducible components, then 


(P?—W) =7*(P?—W) = 2 @ Z 


except in the following cases (4), (5). 


(4) W consists of a conic and two tangents: Then 7 (P?—W) 
—7*(P?—W); and in case of we have 7 (P?—W) = Z? Z; and 


in case of p542 we have an exact sequence 
(P?— W) (P! — P, — P.— (P3,2)) 0; 

furthermore 7 (P?— W) is infinite and unsolvable provided p+ 2, 3, 5. 

(5) W consists of three lines through a point: 

(P?— W) =7*(P?— W) a*(P! — P, —P.—P,;) ; 

7 (P*— W) is infinite and unsolvable provided p¥2, 3, 5. 

(E). If W consists of four (distinct) lines, then 

(P?—W) =7*(P?—W) = 2 @ 2? 2, 


provided no three of the lines have a point in common, i.e., except in the 
following (6), (7). 


(6) Three of the lines have a point in common and the fourth line does 
not pass through it: 


7 (P?—W) =7*(P?— W) = P, —P.—P;) 2; 
7(P*— W) is infinite and unsolvable provided 2,8, 5. 
(7) All the four lines have a point in common: 
(P?— W) =#*(P?— W) z*(P!— P, — P.— P;—P,) ; 
z’(P*— W) is infinite and unsolvable provided p+ 2, 3, 5. 


The contents of the various sections are clear from their titles. 
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1. Irreducible curves of order at most four. 


Lemma 1. Let (R,M) be a complete two-dimensional regular local 
domain, let A be a one-dimensional prime ideal in R such that AR(A) =s > 1, 
let a be a generator of A, and let (S,N) be the (unique) immediate quadratic 
transform of R such that S*{[A] AS. Then A has a (s-fold) cusp at R if 
and only if any one of the following two conditions is satisfied: (1) If for x 
in R with AR(z) =1, we have AC M*, then ACT aR+ (2) 
ps,r(A) =1. Furthermore, (3) if A does not have a cusp at R, then 
2<s.rx(A) Ss and if s=2, then S®[A] and MS are nontangential at 8. 


Proof. In Section 7 of [A2] it has been proved that condition (1) is 
sufficient and that condition (2) is necessary. Let a be a generator of A. 

To prove the necessity of (1), assume that A has a cusp at #& and suppose 
if possible that for some z in RF with Ar(x) =1 we have a=2u-+v with 
u€ R and ve Ms. By the definition of a cusp, there exists y in RF with 
Ar(y) =1 such that a€ and a¢ yR+ Now the reduced 
R-leading form of a equals the s-th power of a linear form times a nonzero 
constant in R/M. From this, we at once deduce that the reduced R-leading 
forms of x and y are nonzero constant multiples of this linear form, while 
the reduced R-leading form of u is a nonzero constant multiple of the (s — 1)-st 
power of this linear form. Consequently u= dr** + w and x = ey + q, where 
d and e are units in R, we M* and q€ M*. Therefore 


=d(ey+q)*+ (eytq)wt v=ty+dq*+ with te R. 


Since q¢€ M*, s>1, we M*, ve H***, we get ac yR + M*? which is a con- 
tradiction. This proves the necessity of condition (1). Now the sufficiency 
of condition (2) follows from (3) and hence it is enough to prove (3). So 
assume A does not have a cusp at R. Fix z in R with Ag(x) —1 such that 
A C ck + M*. Then as in the above paragraph we can write 


a= dz + AR(d) =0, Ar(w) Ar(v) 2s 42. 
Fix z in # such that (2,2) is a basis of M. Let 2,=2/z. Then (2,2) isa 
basis of NV and 
a= 2z8a,, where a, = + zw,2, + 270), 
where w, = w/z* and v, = v/z**? are in 8. Since d is a unit in R, it is a unit 


also in S. From the above expression, it follows that: (I) a, is not divisible 
by z in S; (II) 2SAs(a,) Ss; and (IIT) if s—2, then the reduced S- 
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leading form of a, with respect to the basis (2,,2) of NV is not divisible by the 
reduced S-leading form of z. .From these facts (3) follows immediately. 


Remark 1. Conditions (1) and (2) in the above lemma give equivalent 
versions of the definition of a cusp given in Section 7 of [A2]. Also the 
definition given in Section 7 of [A2] for a cusp of a curve in a projective 
plane to be ordinary for that plane is superfluous because it follows from the 
above lemma that this is always the case. 


Lemma 2. Assume that W is irreducible of order w4. Then dim | W | 
>1+v(W,W;P?) except in the following two cases. Case (1): w=4 and 
W has exactly two singularities; at one of them W has a 2-fold cusp and at 
the other W is analytically irreducible and has a double point which 1s not a 
cusp; we have dim|W|=14 and v(W,W;P?) =13. Case (II): W has 
evactly three singularities and at each of them it has a 2-fold cusp; we have 
dim | W | = 14 and v(W, W; P?) = 15. 


Proof. For w < 4, the statement has been proved in [A2, Example 3 of 
Section 10]. Now assume that w—4. Then dim W = 14 and hence we have 
to show that except in cases (I) and (II), we have »(W,W;P?) =12. Now 
W has at most three singularities and if W has a triple point, then it is the 
only singularity of W. Consequently, we have the following possibilities: 
Case 1: W has only one singular point P and it is a triple point. Case 2: 


W has only one singular point P and it is a double point. Case 3: W has only 
two singular points P; and P, and they are double points. Case 4: W has 
only three singular points P,, P., P; and they are double points. We shall 
deal with these cases separately. 


Case 1. Now v(W,W;P?) =v(W,W;P,P?). We shall show that 
(W,W;P,P?)=9. Let Wi,---,We (3) be the distinct analytic 
branches of W at P. We have to consider three subcases according as t = 1, 2,3 
respectively. Case 1A: 1. Then there is a unique tangent line L to W 
at P and 1(L-W,;P,P?) =i(L-W;P, P?) =4 and hence W has a 3-fold 
cusp at P. Therefore v(W, W; P, P?) = (4) (3)(8+3) =9. Case 1B: t=—2. 
We can label W,, W. so that W; has a j-fold point at P. Let L be the tangent 
line to W, at P. Then 4 1(L- W;P, P?) =i(L- W,; P, P?) + i(L- W2; P, P?) 
and i(L-W,; P,P?) =1 and i(L-W.;P,P?) =3. Therefore i(L- W,;P, P?) 
=land i(L-W.;P, P?) =3, i.e., W. has a 2-fold cusp at P, and W, and W, 
are nontangential at P. Therefore v(W, W; P, P?) = (4) (3)(3+1)+2=8. 
Case 1C: £3. As in Case 1B we can deduce that W,, W., Wg are pairwise 
nontangential at P, i.e., W has an ordinary 3-fold point at P and hence 
(W,W; P, P?) = (3) (3)(3+1) =6. 
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Case 2. Again v(W,W;P?)=v(W.W;P,P). We shall show that 
v(W,W;P,P?) S11. We have the following three subcases. Case 2A: W has 
two analytic branches W, and W, at P. Let the contact of W, and W, at P 
be s-fold. Then using the results in Section 7 of [A2], it can at once be seen 
that besides P, W has s—1 double points infinitely near P. Consequently 
s=3. [If an irreducible plane curve of order n has singularities of multi- 
plicities n,,m2,--- at ordinary as well as infinitely near points, then 
(n—1)(n—2) = ¥ni(n;—1). The classical proof of this inequality applies 
to algebraically closed ground fields of arbitrary characteristic.] Hence 
v(W,W;P,P?) =9. Case 2B: W is analytically irreducible at P and has a 
cusp (2-fold) at P. Then v(W,W;P,P?) =5. Case 2C: W 1s analytically 
irreducible at P but does not have a cusp there. Let (R,M) be the quotient 
ring of P on P? and let (Aj, M;) be the (unique) j-th quadratic transform of 
R such that A; = Rj*[A] ~R;, where A is the ideal of W at P. By Lemma], 
Ar,(A,) =2 and A, and MR, are nontangential at R,. If A, has a cusp at 
R,, then 


(W, W; P, P?) A; R) =v(A, A; R, R) + (Ay, Ai; 8) 


Now assume that A, does not have a cusp at R,. Then by Lemma 1, 


Ar,(Az) = 2 and A, and M,R, are nontangential at R, and we also have that 
R,%[MR,] = R,. If Az did not have a cusp at R2, then by Lemma 1, Az,(As) 
would equal 2 and hence W would have a double point at P and double points 
at least at three points infinitely near to P and this would contradict the 
irreducibility of W. Therefore A, must have a cusp at R, and hence 


W; P, P?) =(A, A; R, R) + (A, A; Ry, R) + (Az, Ao; Re) 


Case 3. We have the following six subcases. In all subcases except in 
Case 3F (which is Case I) we shall show that v(W,W;P?) =11. 


Case 3A: W 1s analytically reducible at P, and P., and has a normal 
crossing at least at one of them. By suitably labelling P, and P, assume 
that W has a normal crossing at P, and let s be the order of contact of the 
branches of W at P.. Suppose if possible that s>2. Then besides at P; 
and P2, W has multiple points at least at two points infinitely near P,. This 
contradicts the irreducibility of W. Therefore s <2 and hence 


W; W; P?) + (W, W; Po, P?) 538 +4+6=9. 
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Case 3B: W is analytically reducible at P, and P, and does not have u 
normal crossing at either of them. Then besides at P,; and P2, W has a double 
point at least at one point infinitely near to P; for j= 1,2. This contradicts 
the irreducibility of W. 


Case 8C: W has a normal crossing at one of the points P,, Pz and as 
analytically irreducible at the other. Suitably labelling P,, P2, we may assume 
that W has a normal crossing at P,. Let Ps; be the point in the first neighbor- 
hood of P, through which the transform of W passes. If Ps; were neither a 
simple point nor a cusp of W, then by Lemma 1 there would be a singular 
point of W infinitely near P; and this would contradict the irreducibility of W. 
Therefore 


W;P?) $8 4+384+5=11. 


Case 3D: W is analytically reducible at one of the points P,, P, but 
does not have a normal crossing there and is analytically wrreducible at the 
other. Suitably labelling P;, P2,, we may assume that W is analytically 
reducible at P,;. Since W is irreducible, the two branches at P, must have a 


2-fold contact and by Lemma 1, W must have a cusp at P,. Hence 
v(W,W;P?) =64+5—11. 
Case 3K: W has a cusp at P, and P,. Then v(W,W;P?) = 10. 


Case 8F: (i.e., Case I): W has a cusp at one of the points P,, P, and 
is analytically irreducible at the other but does not have a cusp there. 
Suitably labelling P,, P., we may assume that W has a cusp at P,. Let Ps 
be the point in the first neighborhood of P, through which the transform of W 
passes. Since W is irreducible, by Lemma 1, W must have a 2-fold cusp at P, 
and hence v(W, W; P?) =5+3+5—18. 


Case 4: By Proposition 2 of [A5], either we have Case (II) or W has 
a normal crossing at each of the points P,, P., P; so that v(W, W; P?) =9. 


THEOREM 1. Assume that W is irreducible of order w4 and let w* 
be the reduced order of W, i.e., w* = w in case p=0 and w* = the part of w 
prime to p in case pO. Then 7’(P?—W) is cyclic of order w* provided 
W is not a three cuspidal quartic. If W is a three cuspidal quartic and p38, 
then 7’(P?—W) is the (unique) nonabelian extension of a cyclic group Z; 


of order 3 by a cyclic group Z, of order 4, i.e., there is an exact sequence 
Furthermore, we always have 7*(P?—W) 
=7(P?—W),. 
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Proof. In the notation of Lemma 2 suppose we have neither Case I nor 
Case II; then by Lemma 2 our assertion follows by Theorem 3 of [A2]; 
also Case II has been dealt with in Theorem 1 of [A5]. Thus we may now 
assume that W is an irreducible quartic having exactly two singularities P 
and Q and that at P, W has a 2-fold cusp and at Q, W is analytically irre- 
ducible and has a double point which is not a cusp; and furthermore that 
v(W,W;P?) =13. Now dim| W|—14$13+1 and hence Theorem 3 of 
[A2] is not directly applicable. 

Now the tangent to W at any one of the points P, Y cannot pass through 
the other point and hence we can find projective coordinates XY, Y, Z in P* 
such that P is Y =Z=—0, the tangent to W at P is Z=0, Q is XY > Y =0, 
and the tangent to W at Q is Y =0. Then W is given by f —0, where 


f(X,Y,Z) +. aX°YZ + bX++ a,b,c€k; 


Let ¥, Y, Z be projective coordinates in another projective plane P? over | 
and let + be the birational transformation of P? onto P? given by‘ 


¥:¥:Z=—XY:X?: YZ. 


Now f(X,Y,Z) =f(¥,¥,7Z) f is divisible 
neither by X¥ nor by ¥ and hence W —7[W] is given by f—0. The funda- 
mental points of are P and Q, 7(P) = (Y =0), 7(Q) = (X =0). Also 
is regular everywhere except at P: (XY =Z=—0) and Q: (XY = Y.—0), the 
valuation of K/k having center at (Y =0) on P? is the P-adic divisor of P’, 
and (Y=0)@ W. Furthermore, P¢ W and @¢ W, and hence WU (X =0) 
U (¥ =0) has a strong normal crossing at these points. Hence by Lemma 6 
of [A4], 


(P? —W) C — =0) — (¥ =0) + (the P-adic 


divisor of P*)). 


Now WU (X¥ =0) U (Y =0), as well as (¥ —0), has a simple point at ? 
and hence by Lemma 5 of [A4], the right-hand side of the above inclusion 
equals 0’,(P? —-W—(¥Y=0)). Therefore 


0’,(P?— W) C0’, (P?—_w—(¥=0)). 


Next, W is nonsingular and has a 2-fold contact with Y =0 at Y¥ =Z=" 
and hence 


*7 is a Cremona quadratic transformation of the second kind given by the net of 
conics passing through P and Q and having Y = 0 as tangent at Q. For the properties 
of 7 to be used here, see Lemma 9 of Section 5 of [A6]. 
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dim | W |—v(W, WU (¥Y =0) ;P?) =5—2>1; and 
dim | (¥ =0)|—v((¥ =0), (¥ =0) ; P?) =2 >1. 


Therefore by Theorem 2 of [A3], — W — =0)) is abelian and hence 
by the inclusion, ~’(P?— W) is also abelian. Consequently by Lemma 36 of 
Section 14 of [Al], 2’(P?—W) is cyclic of order w*. 


2. A cubic and a line. 


LemMa 3. Assume that W consists of an irreducible cubic H and a line A. 
If H is a cuspidal cubic and A is a flex tangent of H, then v(H,W;P?) =8 
and v(A, W; P?) =3, while in all other cases we have v(H,W; P?) S7. 


Proof. We have the following possibilities: Case 1, H is nonsingular ; 
(ase 2, H has an ordinary double point P; Case 3, H has a 2-fold cusp at a 
point P and A is not a flex tangent of H; Case 4, H has a 2-fold cusp at a 
point P and A is a flex tangent of H at a point Q. Note that in Cases 2, 3, 4, 
P is the only singular point of H. 


Case 1. If A meets H in three distinct points, then A is nowhere tan- 
gential to H and hence v(H,W;P?)=—0. If A meets H in two distinct 
points P, and P., then after a suitable labelling of P; we have that H and A 
have a j-fold contact at P; and hence v(H,W;P?) =2. If A meets H ina 
single point P, then at P, A and H have a three fold contact and v(H, W; P?) 


= 3. 


Case 2. If A is not tangent to H at P, then as in Case 1 we get 
(H,W;P?) [3+ (H,H;P?) =3+3=6. Now assume that A is tangent 
toH at P. Then A has a 2-fold contact with one branch of H at P and is 
nontangential to the other. Hence »v(H,W;P?) =~v(H,W;P,P?)=3+4+1 
= 4, 


Case 3. By the results of [A2, Section 7] it follows that v(H, W;P, P?) 
= 5 (even in case A passes through P and even in case A passes through P and 
is tangent to H at P). Hence v(H,W;P,P?) $5+2—7%. 


Case 4. It is clear that in this case AM H =—Q and that A and H have 
a3-fold contact at Hence v(H, W; P?) =5+3=8 and W; P?) =3. 


| THEOREM 2. Assume that W consists of an irreducible cubic H and a 
lime A. Unless H is a cuspidal cubic and A is its flex tangent, we have 
7(P?_W) =7*(P?—W) = Ze. If H is a cuspidal cubic and A is its flex 
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tangent and if p¥2,3, then 7 (P?—W) =7*(P?—W) and there exists 
an exact sequence 
0—>7*(P!— P,— P.— @ 7 (P?— W) > 0, 


where P,, P2, P; are distinct points on a projective line P* over k, and 8, is 
the symmetric group on 8 letters; in particular, 7’ (P?—W) is infinite ani 
unsolvable provided p¥ 2, 3, 5. 


Proof. In the first case the assertion follows from Lemma 3 and | A3, 
Theorem 2]. Now assume that H is a cuspidal cubic and A is its flex tangent 
and that p>42,3. We can choose affine coordinates 2, 2 in P? such that 
H and A are given respectively by and [A6, Lemma | 
of Section 1]. Let K* be a splitting field over K —k(P?) =k(2,z) of the 
polynomial 7*+2T+222=0. Let V be a K*-normalization of P* and 
let ¢ be the map of V onto P*?. Then [A6, Proposition 4 of Section 7| 
K*€ 0*(P?— W), G(K*/K) = Ss, ¢7[H] has three irreducible components 
H,, H,,H;;¢7[A] has three irreducible components A,, 42,43; H; 
NA, AN Az; is a point B which is the only singularity of V, and there 
exists a birational map y of V onto a projective plane P** with the following 
properties: (1) y is biregular on V-— A, — A,— A, and maps it onto P** —b. 
where 6 is a line on P**; (2) B is the only fundamental point of y and 


y(B) =b; (3) wy has exactly three fundamental points a, a2, a; and they 
all lie on 6, and after a suitable labelling of them we have y-*(a;) =4;; 
(4) ho=y[H2], hs are distinct lines in other 
than b; (5) hi, ho, hs have a point d in common; (6) the points aj, a2, 4. ¢. 
hin b, h2N b, hg are all distinct. 

It is clear that 


0,(V —H,— H,— H;-- A, —A,— As) = Q,(P*? —h, 
Let K, be a member of 0’,(V —H,— H.— H,;—A,—A.2—As). Then by 
[A4, Lemma 6 of Section 2], K,/P** is tamely ramified. Consequently. by 
[A2, Proposition 14 of Section 9], the valuation of K*/k& having center } on 
P*? has a unique extension in K,. This valuation has center B on V and 
hence there exists a unique local ring R, in K, lying above R=Q(B,V). 
Therefore G,(R,: R) =G(K,/K*). Since B is tamely ramified in K,, we 
conclude that [K,: K*] is prime to p. Alternatively, since 

K,€ 0’, (P*? —h, —h, —b), 


by [A4, Theorem 3 of Section 4], it follows that [K,: K*] is prime to /. 
It is obvious that 


0*,(P*? —h, —h,—h, —b) =—0*,(V —H, —H,—H, —A,— A2—As) 


( 
( 
h 
0) 
a 
fc 
CC 
th 
gi 
Le 
an 
Tl 
of 
lin 


FUNDAMENTAL GROUPS OF ALGEBRAIC VARIETIES, PART VI. 383 


and hence we conclude that 
0’(V —H,—H,.—H;— A, — Az —A;) 
= 0*(V —H,—H.—H,—A,—A —As3) 
= 0*(P? —h, —h,—h,;—b). 


The required exact sequence now follows from [A4, Theorem 3 of Section 4]. 
Also, by [A7, Proposition 3 of Section 3] it follows that 7*(P! — P, — P, — Ps) 
and hence 7’ (P?— W) is infinite and unsolvable provided p+ 2, 3, 5. 


3. Two conics. 


THEOREM 3. Assume that W consists of two distinct irreducible conics 
H, and H,. Then we have the following possibilities: (1) H, and Hz meet 
in four distinct points; (2) H, and Hz meet in three distinct points; (3) H, 
and H, meet in two distinct points and are tangential at only one of them; 
(4) H, and H, meet in two distinct points and are tangential at both of them; 
(5) H, and H., meet in only one point. In cases (1), (2), and (3) we 
have 7’ (P?—W) =7*(P?—W) and #(P?—W) =Z.@ 2 if and 
a(P?—W) =Z if p=2. In cases (4) and (5) we have (P?—W) 
=7*(P?—W) = P, — P2— (P3,2)), where is a projective line 
over k and P,, Ps, P; are distinct points on P*; consequently (P? —W) = Z 
in case p==2 and x’ (P—W) ts infinite and unsolvable in case p32, 3, 5. 


Proof. In cases (1,2,3), we have v(H;,W;P?) <3 and dim | H;|=5 
and hence the results follow from [A2, Theorem 3 of Section 10] or [A4, 
Corollary 4 of Theorem 1 of Section 3]. In cases (4) and (5), we have 
v(11;, WW; P?) =4 and hence these results do not apply, and we proceed as 
follows. 


Case 4. Choose projective coordinates Y, Y, Z in P? such that the 
common points of #7, and H, are P,: X = Y =O and P,: =Z=0 and 
the tangents at these points are Y 0 and Z=0 respectively. Then Q; is 
given by 1? + a;¥Z 0, where a, and a, are distinct nonzero elements in k. 
Let Y, ¥, Z be projective coordinates in another projective plane P? over k 
and let + be the birational transformation of P? onto P? given by?: 


Then r[Q;] is the line A; given by & + a;Z =0; the only fundamental points 
of rare P, and P, and r(P;) =A;, where A, is the line £ =0 and A, is the 
line Y +0; the only fundamental points of r* are P,: and 
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P,: X =Z=0, and r1(P;) = A;, where A, is the line XY =0 and A, is the 
line Y =0. Let v; be the valuation of K/k having center A; on P?*; then 1, 
is the P,-adic divisor of P?. 

Let K* be a member of 0’,(P?—W). Then 


A(K*/P*)C H,U H,U4A,U A,. 


Now H,U H,U4,U A, has a strong normal crossing at every point of 1, 
and both the fundamental points P, and P, of +? are on A,. Hence by [ A4, 
Lemma 6 of Section 2], K*/P? is tamely ramified and hence by [A2, Proposi- 
tion 14 of Section 9], the valuation of K/k having center A, on P? has a unique 
extension to K*. This valuation has center P, on P? and hence there is a 
unique local ring R* in K* lying above R= Q(P,, P?) and hence G;(R*/R) 
= G(K*/K). Since R is tamely ramified in K*, we conclude that [K*: K] 
is prime to p. Thus 


(P?— W) =0*(P?— W)C 0*(?— A, — H,—A,—A,). 
Consequently 
(P?— W) = 0*(P?— W) = G* (P?— A, — 


Since v. is the P,-adic divisor of P? and P, is a simple point of H,U H, 
U 4, U Az, as well as of A,, by [A4, Lemma 5 of Section 2] we can conclude 
that 


— A, 0, =f 8, — 1, 


Let Theni—z, § =27/y, v,(x) =1, 
vi(y) =0. Hence v,(¥) = 2. By [A4, Lemma 5 of Section 2] we now deduce 
that 0* (P?— H, — H,—A,+ =0* (P? — H, — H,— (A2,2)). Hence 
by [A4, Theorem 2 of Section 4] we conclude that 


(P?— W) =7*(P?— W) = z*(P!— P, — P, — (Ps, 2)), 


where P* is a projective line and P,, P:, Ps; are distinct points on P?. 


Case 5. Let P=Qi Qs, let A be the common tangent of Q, and Q: 
at P, let P* be another point of Q, and let A* be the tangent to Q, at 
P*, Choose projective coordinates Y, Y, Z in P? such that P: Y =Z=0, 
p*: Y=Z=0,A: X¥=0, A*: Y=O0. Then Q, is given by Z?+aXY 
0Aack. Via a change of coordinates replacing aY by Y, Q: is given 
by f:=0, where f,(X,Y,Z) =Z?+XY. Now is given by f.=?, 
where f.(X,Y,Z) =07?+cZX¥ + dX?+eXY. Since i(Q,,Q.;P,P?) =4 
f.(— t?, 1, t) = bt? — ct? + dt* — et? must have t 0 as a root of multiplicity 


( 
t 
4 

( 

I 

( 

A 
a 
01 
re: 
is 
By 
Te 
AY 
Co 


FUNDAMENTAL GROUPS OF ALGEBRAIC VARIETIES, PART VI. 385 


four. Hence b—e—c=0 and d~0. Dividing fz by b we can thus take 
j.(X,¥,Z) =Z2°+XY +uX*, OAuEk. Let P* be a projective plane with 
coordinates ¥, ¥, Z. Let r=X/Z, y=Y/Z, E=X/Z, Let be 
the birational map of P? onto P® obtained by setting 


In homogeneous coordinates we have *: 


2In geometric language, r is a Cremona quadratic transformation of the third kind 
given by the net of conics osculating at P with Q,, i.e., having at least a 3-fold contact 
with Q, at P. 


(2) X?: XZ; X¥—2Z?: FZ. 

Let P be the point: Y = and let A be the line: F=0. Let y/z, 
Let 7,=—1/y. Then 

(3) + yi, and y, —7,—Z,’, %. 

From equations (3), it follows that 7 is biregular on P*— A and maps it onto 
P?— 4, Let v and @ be the valuations of &(P?)/k =k(P*)/k having centers 
Aand A on P? and P? respectively. Then v(x2) =1 and v(y) =0, and hence 
> and.v(1/z) >0. Hence v has center P on P?. Also =1 
and =0, and hence > 0 and @(1/y) > 0. Hence has center P 
on P*, From this we deduce that P is the only fundamental point of ;, 


A, 7[A] = P; and P is the only fundamental point of 7?, 74(P) =A, 
[A] =P, 


fi(X,Y,Z) =X and f.(X, =X + uY. 


Hence Q;=7[Q,] and are the lines and X¥+uY—0 
respectively. Now the lines Q,, Qs, A have the common point X = Y =0 which 
is different from P. Hence by [A4, Lemma 6 of Section 2] we deduce that 


(P?—W) C (P?—6,—6,—A). 


iy [A4, Theorem 2 of Section 4], 


(P? — 9, — 9.— A) — (P? —9,—@Q.—A). 


lence we conclude that 

(P?—W) = #*(P?—W) =7* 
Now v(M(P, A, P?)) = = v(x) —v(at+y)=2. Hence by [A4, 
Corollary of Theorem 2], we have 


+1) ~7*(P!—P, —P, — (P3,2)). 


Now 


SHREERAM ABHYANKAR. 
Finally, by [A7, Proposition 6 of Section 3] we have 
(P1— P, — P, — (P3,2)) = 2 


in case p=2; and by [A7, Proposition 3 of Section 3] we know that 
P, = P,— (P3,2)) is infinite and unsolvable in case p~2, 3,5. 


4. A conic and two lines. 


THEOREM 4. Assume that W consists of an irreducible conic H and 
two distinct lines A, and Az. Then 7 (P?—W) =7*(P?—W). If A, and 
A, are not simultaneously tangent to H, then #(P?—W) =7*(P?—W) 
=Z°@zZ». If A, and A, are both tangent to H, then in case of p=2 we 
have 7 (P?—W) = Z? and in case of we have an exact sequence 


0—> # (P?— W) > z*(P!— P, — P, — (P3,2)) @ > Z,0 


where P,, Po, Ps are distinct points on a projective line P* over k; furthermore 
7 (P?—W) is infinite and unsolvable provided p42, 3, 5. 


Proof. If A, and A, are not simultaneously tangent to H, then 
v(H,W;P?) =2 and hence dim|H |—v(H,W;P?) >1; consequently the 
assertion follows from [A3, Theorem 2]. Now assume that A, and A, are 
both tangent to H. Then v(H, W; P?) = 4 and we cannot apply [A3, Theorem 
2]. Let Q;=HMA;, and chose projective coordinates Y, Y, Z in P? such 
that X¥=Y=0, Q.: X¥=—=Z=—0; Ai: Y=0, Az: Z=0. Then H is 
given by X¥?+aYZ=0,0A~ack. Let P* be a projective plane with coordi- 
nates ¥, Y, Z and let + be the birational map of P? onto P? given by?: 


XY: YZ; X:¥:Z2=XY: X?: 

Let P! be the line Y —0; let P,, P2, P3 be the distinct points on P? given 
respectively by Y= +aZ—0, F—=Z=—0, Y—Y—0. Let A, be the line 
Y +aZ=0, let A. be the line Z—0, and let A; be the line Y =O. Then 
Q:, Q2 are the only fundamental points of 7(Q1) = 7(Q2) = P2 and 
P; are the only fundamental points of 71, = (P3) = (X = 2). 
Also r[H] =A, and 7[A.] =A. Let v be the valuation of k(P?)/k having 
center (XY =0) on P?. Then v has center P; on P? and it can easily be 
checked that v(M(P3,P1,P?) =1, and v(M(P3, 43, P?)) =2. Now -l, 
A», As have the point Y = Z 0 in common and it is not fundamental for 7°. 
Hence by [A4, Lemma 6 of Section 2], it follows that 
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By [A4, Theorem 3 of Section 4], 


(P? — A, — A, — A, — P') = (P? — A, — A, — A; — 
Therefore 
(P?— W) = 7* (P?— W) = (P?— 4, 0). 
Now by [A4, Theorem 4 of Section 4], there exists an exact sequence 
0 (P?— A, —A,—A,;— + v) 
7* P,—P,— (P3,2)) B29 G0 
where G@ == Z, or Zz according as p=2 or 2. The rest follows from | A7, 
Propositions 3 and 6 of Section 3]. 


5. Four lines. 


THEOREM 5. Assume that W consists of four distinct lines. Then we 
have the following possibilities: (1) No three of the lines have a point in 
common; (2) three of the lines have a point in common and the fourth line 
does not pass through this point; (3) all the four lines have a point in common. 
In Case 1 we have =z*(P?—W)=2? In Case 2 


we have (P2?—W) =7*(P?—W) = Ps) where 
P is a projective line over k and P,, Ps, P; are distinct points of P?. In Case 
3 we have #(P?— W) = #*(P?— W) = — P, — —P3— P45), where 
P is a projective line over k and P,, Ps, P3, Ps are distinct points on P*. In 
Cases 2 and 3, 7% (P?—W) ts infinite and unsolvable provided p 2,3, 5. 


Proof. Follows from [A1, Section 13], [A4, Section 4] and [A%, 
Section 3]. 
6. A conic and a line. 


THEOREM 6. Assume that W consists of an irreducible conic H and a 
line A. Then (P?— W) =7*(P?— W) = Z?. 


Proof. We have v(H,W;P?) =2 and hence the result follows from 
[A3, Theorem 2]. 
7. Three lines. 


THEOREM 7. Assume that W consists of three distinct lines. If the 
three lines do not have a common point, then 7’ (P?—W) =7*(P?— W) 
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=Z@ Z. If the three lines have a point in common, then 7 (P?—W) 
= 7* (P?—W) = 7*(P!'— P,—P.—P:;), where P* is a projective line over 
k and P,, P2, P; are distinct point on P*; consequently 7 (P? —W) is infinite 
and unsolvable provided p¥2, 3, d. 

Proof. Follows from [A1, Section 13], [A4, Section 4] and [.Aj, 


Section 3]. 


8. Two lines. 


THEOREM 8. Assume that W consists of two distinct lines. Then 
(P?—W) =7*(P?—W) 


Proof. Follows from [A1, Section 13]. 
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